Currents and the Energy-Momentum Tensor in Classical Field Theory: A
  fresh look at an Old Problem by Forger, Michael & Römer, Hartmann
Currents and the Energy-Momentum Tensor
in Classical Field Theory:
A Fresh Look at an Old Problem
Michael Forger 1 ∗ and Hartmann Ro¨mer 2 †
1 Departamento de Matema´tica Aplicada,
Instituto de Matema´tica e Estat´ıstica,
Universidade de Sa˜o Paulo,
Caixa Postal 66281,
BR–05311-970 Sa˜o Paulo, S.P., Brazil
2 Fakulta¨t fu¨r Physik
Albert-Ludwigs-Universita¨t Freiburg im Breisgau
Hermann-Herder-Straße 3
D–79104 Freiburg i.Br., Germany
Universita¨t Freiburg
THEP 03/10
Universidade de Sa˜o Paulo
RT-MAP-0301
July 2003
1E-mail address: forger@ime.usp.br
2E-mail address: hartmann.roemer@physik.uni-freiburg.de
∗Partially supported by CNPq and FAPESP, Brazil, and by DFG, Germany
†Partially supported by FAPESP, Brazil
Abstract
We give a comprehensive review of various methods to define currents and the
energy-momentum tensor in classical field theory, with emphasis on a geometric
point of view. The necessity of “improving” the expressions provided by the
canonical Noether procedure is addressed and given an adequate geometric frame-
work. The main new ingredient is the explicit formulation of a principle of
“ultralocality” with respect to the symmetry generators, which is shown to fix the
ambiguity inherent in the procedure of improvement and guide it towards a unique
answer: when combined with the appropriate splitting of the fields into sectors,
it leads to the well-known expressions for the current as the variational derivative
of the matter field Lagrangian with respect to the gauge field and for the energy-
momentum tensor as the variational derivative of the matter field Lagrangian with
respect to the metric tensor. In the second case, the procedure is shown to work
even when the matter field Lagrangian depends explicitly on the curvature, thus
establishing the correct relation between scale invariance, in the form of local
Weyl invariance “on shell”, and tracelessness of the energy-momentum tensor,
required for a consistent definition of the concept of a conformal field theory.
1 Introduction
The energy-momentum tensor of a classical field theory combines the densities and
flux densities of energy and momentum of the fields into one single object. However,
the problem of giving a concise definition of this object able to provide the physically
correct answer under all circumstances, for an arbitrary Lagrangian field theory on an
arbitrary space-time background, has puzzled physicists for decades.
One of the most traditional approaches to the question is based on the Noether
theorem, according to which a field theory with space-time translation invariance
has a conserved energy-momentum tensor. Unfortunately, the so-called canonical
energy-momentum tensor Θµν obtained from this procedure is in general unacceptable.
In electrodynamics, for example, it is neither symmetric nor gauge invariant, and even
in the simplest theory of a single scalar field where it does turn out to be symmetric
and the criterion of gauge invariance is irrelevant, it has a non-vanishing trace even
when the Lagrangian shows dilatation invariance.
There is a long history of attempts to cure these diseases and arrive at the physi-
cally correct energy-momentum tensor T µν by adding judiciously chosen “improvement”
terms to Θµν . A major early success in this direction was the work of Belinfante [1]
and Rosenfeld [2] who, in particular, developed this strategy for Lorentz invariant field
theories in flat Minkowski space-time to provide a symmetric energy-momentum tensor
which, in the case of electrodynamics, is also gauge invariant and gives the physically
correct expressions for the energy density and energy flux density (Poynting vector) as
well as the momentum density and momentum flux density (Maxwell stress tensor) of
the electromagnetic field. Later, Callan, Coleman and Jackiw [3] and Deser [4] proposed
additional “improvement” terms to define a new symmetric energy-momentum tensor
that, for dilatation invariant scalar field theories, is also traceless. However, all these
methods of defining improved energy-momentum tensors are largely “ad hoc” proce-
dures focussed on special models of field theory, often geared to the needs of quantum
field theory and ungeometric in spirit.
In this last respect, the more recent paper of Gotay and Marsden [5], which also
provides an extensive list of references witnessing the long and puzzling history of the
subject, is an exception. Their approach is perhaps the first systematic attempt to
tackle the problem from a truly geometric point of view.
In a geometric setting, one should consider general classical field theories on arbi-
trary space-time manifolds. Generically, space-time manifolds do not admit any isome-
tries or conformal isometries at all, so there is no direct analogue of space-time trans-
lations, Lorentz transformations or dilatations, nor are there any conserved quantities
in the usual sense. However, the equivalence principle and the principle of general cova-
riance a) suggest that these rigid space-time symmetries should in a generally covariant
theory be replaced by flexible space-time symmetries, which means that, in particular,
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the role of translations and Lorentz transformations would be taken over by space-
time diffeomorphisms, and b) imply that the ordinary conservation law ∂µT
µν = 0
for the energy-momentum tensor on flat space-time must be replaced by the covariant
conservation law1 ∇µT µν = 0 for its counterpart on curved space-time. It is there-
fore reasonable to explore the possibility of deriving the energy-momentum tensor as a
kind of covariant Noether current associated with the space-time diffeomorphism group.
This is the basic idea adopted by Gotay and Marsden, worked out in detail in Ref. [5]
using the modern geometric approach to general first order Lagrangian field theories,
where fields are represented by sections of some fiber bundle over space-time and their
first partial derivatives are represented by the first order jets of these sections, which are
themselves sections of the corresponding first order jet bundle. In this framework, it is
possible to derive the so-called canonical energy-momentum tensor as part of the local
coordinate expression of a globally defined object with invariant geometric meaning,
namely the field theoretical momentum map associated with the automorphism group of
the underlying configuration bundle. In a second step, Gotay and Marsden then present
an explicit construction of correction terms, leading to an improved energy-momentum
tensor which is both symmetric and gauge invariant.
A first problem that arises in this approach is that, in general, diffeomorphisms of
the space-time manifoldM do not act directly on the fields. In a geometric approach to
classical field theory, fields are sections of bundles over space-time, and what really does
act on such sections are automorphisms of these bundles. (If one requires certain so-
called G-structures to be preserved, these should be G-automorphisms.) Given a fiber
bundle E over M , an automorphism of E is a fiber preserving diffeomorphism of the
total space E; it is called strict if it takes every fiber to itself. An automorphism of E
induces a diffeomorphism of the base spaceM , which is the identity onM if and only if
the automorphism is strict, but conversely it is not true in general that a diffeomorphism
of the base space M induces an automorphism of E. This can be restated by noting
that automorphisms of E form a group Aut(E) and strict automorphisms of E form a
normal subgroup Auts(E) such that
Aut(E)/Auts(E) ∼= Diff(M) , (1)
so the diffeomorphism group Diff(M) of M is a quotient group of Aut(E), rather than
a subgroup.
In Ref. [5], this problem is overcome by considering liftings of Diff(M) into Aut(E).
What is really needed to define a geometric version of the so-called canonical energy-
momentum tensor, via a field theoretic momentum map associated directly with the
group of space-time diffeomorphisms, rather than the entire group of bundle auto-
morphisms, is such a lifting only at the infinitesimal level, from vector fields XM on M
to projectable vector fields XE on E, expressing the vertical components X
i of XE in
terms of the components Xµ of XM and a finite number of partial derivatives thereof.
1For comments on this terminology, see Footnote 19 in Sect. 4.2.
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Applying a series of partial integrations to eliminate the partial derivatives of the Xµ,
the authors of Ref. [5] arrive at an improved energy-momentum tensor which they claim
to be the physically correct one for a general first order Lagrangian field theory.
A further and more serious problem is that, unfortunately, this claim as it stands
is not correct, at least not without further qualification. The reason is that the entire
analysis carried out in Ref. [5] is based on one fundamental hypothesis, namely that the
Lagrangian of the theory should be invariant under a “sufficiently large” group of auto-
morphisms of E. (Technically, it is sufficient to require that every compactly supported
vector field on M can be lifted to a vector field on E whose flow leaves the Lagrangian
invariant.) This guarantees that the improved energy-momentum tensor proposed in
Ref. [5] is actually independent of the specific lifting employed in its construction, but
according to the second Noether theorem, it also implies that this object vanishes “on
shell”, that is, when the fields satisfy the equations of motion. Obviously, this cannot
be true for the physically correct energy-momentum tensor.
How to avoid this pitfall is of course well known and is even mentioned in Ref. [5],
but this part of the story is not integrated into a coherent general picture. Rather than
lumping all fields together and looking at the total Noether current, representing the
sum of the contributions to the densities and flow densities for quantities such as charges
or energy and momentum coming from all fields, one should split the fields into various
sectors and concentrate on the exchange of these quantities between different sectors.
There are two ways of performing such a split in a natural, non-artificial way.
In the first variant, one considers quantities, commonly called charges, which refer
to strict bundle automorphisms, or in physical language, internal symmetries or gauge
transformations. The interaction between charge carrying fields is mediated by gauge
fields: these play a distinguished role as compared to all other fields, which are collec-
tively referred to as matter fields. Correspondingly, the total Lagrangian becomes the
sum of a gauge field part and a matter field part which are required to be separately
invariant under the relevant symmetry group:
L = Lg + Lm . (2)
As a result, the total Noether current considered before, which indeed vanishes “on
shell” (this statement is in fact nothing but the equation of motion for the gauge field –
normally the Yang-Mills equation) also splits into a gauge field part and a matter
field part, and it is the latter that provides the physically correct current of the theory.
In other words, this current is associated with the matter field Lagrangian alone and not
with the total Lagrangian obtained by adding the gauge field Lagrangian. Moreover,
whenever some kind of improvement is necessary, one can completely avoid carrying
out the cumbersome details of this procedure because the end result can be uniquely
characterized by a certain requirement of “ultralocality” (that we shall explain in more
detail later on) and turns out to be given simply by the prescription of varying the
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matter field Lagrangian with respect to the gauge field:
jµ =
δLm
δAµ
. (3)
In the second variant, one considers energy and momentum, which refer to bundle
automorphisms that are not strict but cover non-trivial space-time diffeomorphisms, or
in physical language, space-time symmetries. The situation in this case is almost com-
pletely analogous to the previous one. The interaction between energy and momentum
carrying fields is mediated by a metric tensor representing gravity: this metric tensor
now plays a distinguished role as compared to all other fields, which are collectively
referred to as matter fields. (Of course, both gauge fields and matter fields in the pre-
vious sense are matter fields in this sense.) Correspondingly, the total Lagrangian now
becomes the sum of a gravitational part and a matter field part which are required to
be separately invariant under the relevant symmetry group:
L = Lg + Lm . (4)
As a result, the improved energy-momentum tensor proposed in Ref. [5], which indeed
vanishes “on shell” (this statement is in fact nothing but the equation of motion for
the gravitational field – normally the Einstein equation) also splits into a purely gravi-
tational part and a matter field part, and it is the latter that provides the physically
correct energy-momentum tensor of the theory. In other words, this tensor is associated
with the matter field Lagrangian alone and not with the total Lagrangian obtained by
adding the gravitational Lagrangian. Moreover, one can once again avoid carrying
out the cumbersome details of the improvement procedure because the end result can
be uniquely characterized by a certain requirement of ”ultralocality” (that we shall
explain in more detail later on) and turns out to be given simply by Hilbert’s classical
prescription of varying the matter field Lagrangian with respect to the metric tensor:
T µν = − 2 δLm
δgµν
. (5)
As a corollary, this energy-momentum tensor is automatically symmetric, gauge invari-
ant and independent of the lifting required for its construction from a Noetherian point
of view.
A further important issue concerning the energy-momentum tensor is the question
of whether its trace vanishes whenever we are dealing with a dilatation or scale invariant
classical field theory. This requires, first of all, an appropriate definition of the concept
of dilatation or scale invariance on arbitrary space-time manifolds. As is well known,
this role is taken over by the notion of Weyl invariance. Weyl transformations rescale
the metric tensor as well as all other fields (according to their Weyl dimension) and
come in two variants: rescaling by a constant factor (global Weyl transformations)
and rescaling by an arbitrary function on space-time (local Weyl transformations).
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As will be shown below, local Weyl invariance “on shell” is equivalent to vanishing
of the trace of the Hilbert energy-momentum tensor.2 The problem that the energy-
momentum tensor for certain dilatation or scale invariant scalar field theories on flat
space-time has a non-vanishing trace can in the light of this result be traced back to the
fact that the Lagrangian of such a theory allows many different extensions to a general
space-time background, among which two play a distinguished role. The first is the
standard extension obtained from the prescription of minimal coupling: this turns out
to be globally but not locally Weyl invariant, not even “on shell”, and that is why the
trace of the “naive” energy-momentum tensor, which is the Hilbert tensor corresponding
to this minimal Lagrangian, fails to vanish. The second is a non-minimal extension
containing an additional term of the form Rϕ2 where ϕ is the scalar field and R is the
scalar curvature of the metric: this has the virtue of making the theory locally Weyl
invariant, at least “on shell”, and that is why the “new improved” energy-momentum
tensor proposed in Refs [3] and [4], which is the Hilbert tensor corresponding to this
non-minimal Lagrangian, has vanishing trace. Note that even though both Lagrangians
have the same flat space-time limit, the corresponding Hilbert tensors are different even
on flat space-time, since they are defined through variation around the flat metric.
The aim of the present work is to give a complete, coherent and geometrically
motivated account of the situation concerning the energy-momentum tensor for clas-
sical field theory, with particular emphasis on the compensation of the classical trace
anomaly – a subject not addressed in Ref. [5]. Reporting on an old subject with a
long history, it is almost impossible to compile a reasonably complete bibliography, and
we have therefore decided to concentrate on a relatively small number of key papers,
apologizing in advance for our omissions. For the same reason, we shall of course not
be able to avoid repeating various well-known results, but we feel that the time has
come for a comprehensive and coherent account, and we hope that even an expert in
the field will appreciate our approach to a certain number of fine points that in our
view have not been adequately dealt with elsewhere.
The paper is organized as follows. In Section 2, we briefly review the standard
Noetherian procedure for constructing the canonical total Noether current and the so-
called canonical energy-momentum tensor for first order Lagrangian field theories on
flat space-time, together with the procedure of “improvement” of the energy-momentum
tensor a` la Belinfante-Rosenfeld, but extended so as to include the correction terms re-
quired for the correct implementation of scale invariance. In Section 3, we begin with
a summary of some relevant background material from geometric field theory [7–9]
(Sections 3.1 and 3.2). Next, we present the construction of the canonical total Noether
current from this point of view, where it appears as the local coordinate expression of
a global object known as the covariant momentum map or multimomentum map, de-
scribe a framework for possible correction terms leading to an improved total Noether
current and discuss Noether’s first and second theorem (Section 3.3). Analysis of how
2The term “on shell” in this context means that the desired invariance can be established only if
one uses the equations of motion for the matter fields.
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the (canonical or improved) total Noether current depends on the symmetry genera-
tors then leads us to formulate, in theories with non-trivial local symmetry groups, the
aforementioned “ultralocality principle”, which finds an immediate application to two
different types of field theories: those exhibiting gauge invariance and those exhibiting
general covariance, or space-time diffeomorphism invariance (Section 3.4). However,
the procedure still does not overcome the difficulty resulting from Noether’s second
theorem: this can only be achieved by splitting the theory into different sectors, giv-
ing a special status to gauge fields (for dealing with the physical current) and to the
metric tensor (for dealing with the physical energy-momentum tensor). In order to
prepare the ground for appropriately dealing with these splittings, we discuss some
simple mathematical aspects of G-structures (including the notion of invariant fiber
metrics) and of G-connections (Section 3.5) and then present a list of essentially all the
invariant Lagrangians that are important for the construction of the field theoretical
models appearing in the study of the fundamental interactions of matter (Section 3.6).
In Section 4, we elaborate on the relevant splitting into a gauge field sector and a mat-
ter field sector, for currents (Section 4.1), and into a gravitational sector and a matter
field sector, for the energy-momentum tensor (Section 4.2), showing that the improved
expressions constructed according to the “ultralocality principle”, but applied to the
matter field sector alone, reproduce the standard expressions (3) and (5), respectively.
The calculation of specific energy-momentum tensors is also addressed, with emphasis
on two special cases that are non-trivial: scalar fields with an additional coupling to
curvature (Rϕ2 term) and Dirac spinor fields (Section 4.3). Finally, Section 5 exposes
the relation between scale invariance, in the form of “on shell” local Weyl invariance,
and tracelessness of the energy-momentum tensor, thus clarifying the question of how
to decide, at the classical level (that is, without entering the question of a possible trace
anomaly, for which we refer to the entertaining review [10] and the references quoted
therein), whether a given field theoretical model is or is not an example of a conformal
field theory.
2 Energy-Momentum Tensors in Flat Space-Time
Consider a classical field theory on flat n-dimensional space-time Rn containing a multi-
plet of fields ϕi (which we may view as lumped together into a single vector-valued
field ϕ) and whose dynamics is supposed to be defined by a Lagrangian L depending
only on the point values of the ϕi and their first order partial derivatives. This means
that the equations of motion for the fields are derived from the variational principle
δS = 0 for the action functional S defined by
S[ϕ] =
∫
dnx L(ϕ, ∂ϕ) . (6)
(For simplicity, the possible explicit dependence of L on the space-time coordinates
is suppressed from the notation.) As is well known, these are the Euler-Lagrange
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equations
∂µ
(
∂L
∂ ∂µϕi
)
− ∂L
∂ϕi
= 0 . (7)
Moreover, Noether’s theorem states that invariance of the action S under infinitesimal
transformations
xµ → xµ +XµB(x) , ϕi(x) → X iF (ϕ(x))−XµB(x) ∂µϕi(x) (8)
where the indices B and F stand for “base space” and “field space”, respectively, leads
to the conservation law
∂µ 〈j µcan, X〉 = 0 (9)
for the canonical total Noether current j can given by
〈j µcan , X〉 =
∂L
∂ ∂µϕi
X iF (ϕ) −
(
∂L
∂ ∂µϕi
∂νϕ
i − δµνL
)
XνB . (10)
Then the expression
Θµν =
∂L
∂ ∂µϕi
∂νϕ
i − δµνL (11)
or
Θµν =
∂L
∂ ∂µϕi
∂ νϕi − ηµνL (12)
provides the components of the so-called canonical energy-momentum tensor of the
theory.
Different types of symmetries are distinguished by different choices for the vector
fields XF and XB appearing in the (infinitesimal) transformation law (8). For example,
space-time translations correspond to the choice
XµB(x) = a
µ , XF = 0 (13)
where a is an arbitrary constant n-vector. Therefore, the conservation law (9) when
expressing invariance under space-time translations becomes equivalent to the conser-
vation law
∂µΘ
µν = 0 (14)
for the so-called canonical energy-momentum tensor. Similarly, Lorentz transforma-
tions are described by setting
XµB(x) = ω
µ
ν x
ν , X iF (ϕ) = Σ(ω)
i
j ϕ
j = 1
2
ωµν (Σ
µν)ij ϕ
j (15)
where ω is a constant (n× n)-matrix representing an infinitesimal Lorentz transforma-
tion, which means that it satisfies the condition
ωµν + ωνµ = 0 (16)
9
but is otherwise arbitrary, whereas Σ stands for the representation of the Lie algebra of
infinitesimal Lorentz transformations on the space of field values. (This representation,
which is assumed to be given, may be irreducible or reducible, so that in the general case,
we encounter various multiplets of fields of different spin.) Therefore, the conservation
law (9) when expressing Lorentz invariance becomes equivalent to the conservation law
∂µΘ
µκλ = 0 (17)
for the so-called canonical moment tensor, defined by
Θµκλ = xκΘµλ − xλΘµκ + Σµκλ (18)
where
Σµκλ = piµi (Σ
κλ)ij ϕ
j (19)
is called its internal part or spin part. Finally, dilatations or scale transformations are
represented by
XµB(x) = x
µ , X iF (ϕ) = − dϕ ϕi (20)
where dϕ is a real number called the scaling dimension of the field ϕ. (For simplicity, we
assume here that all field components have the same scaling dimension: the general case
containing various multiplets of fields of different scaling dimension is handled similarly.)
Therefore, the conservation law (9) when expressing scale invariance becomes equivalent
to the conservation law
∂µΘ
µ = 0 (21)
for the so-called canonical dilatation or scaling current, defined by
Θµ = xν Θ
µν + Σµ (22)
where
Σµ = dϕ pi
µ
i ϕ
i (23)
is called its internal part.
Of course, it is well known that the so-called canonical energy-momentum tensor
suffers from a number of serious problems.
• In theories containing gauge fields, it fails to be gauge invariant: this already
happens in the simplest case, namely electrodynamics.
• In general, it fails to be symmetric.
• In general, it fails to be traceless even in theories which are manifestly scale
invariant.
Similar statements hold for the so-called canonical moment tensor and scaling current.
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These defects can be illustrated by looking at two simple examples. One of these is
free electrodynamics, where
L = − 1
4
F µνFµν (24)
with
Fµν = ∂µAν − ∂νAµ (25)
and
Θµν = 1
4
ηµν F κλFκλ − F µκ ∂ νAκ (26)
which is not gauge invariant, not symmetric and not traceless, even in four space-
time dimensions where scale invariance of the action is achieved by setting dA = 1.
The other example is the theory of a real scalar field, where
L = 1
2
∂ µϕ ∂µϕ − U(ϕ) (27)
and
Θµν = ∂ µϕ ∂ νϕ − 1
2
ηµν ∂ κϕ ∂κϕ + η
µν U(ϕ) (28)
which is not traceless even though scale invariance of the action may be achieved by
setting dϕ =
1
2
(n − 2) and choosing the potential U to vanish when n= 2 and to be
given by
U(ϕ) ∼ (ϕ2) nn−2 (29)
when n> 2: of course, the only solutions for which U is a polynomial in ϕ are ϕ6 for
n=3, ϕ4 for n=4 (the famous massless ϕ4 theory in 4 dimensions) and ϕ3 for n=6.
For physically meaningful quantities such as the components of the energy-
momentum tensor, representing the densities and flux densities of energy and mo-
mentum, such defects are of course unacceptable. After all, these are physically observ-
able quantities and must therefore be gauge invariant. Similarly, asymmetric energy-
momentum tensors lead to unacceptable predictions regarding the local torques exerted
by the fields of the theory on all other forms of matter; a lucid discussion of this aspect
can be found in Chapter 5.7 of Ref. [6]. Moreover, the requirement of symmetry of the
energy-momentum tensor is indispensable if energy and momentum are to serve as the
source of gravity, as required by the principles of general relativity.
On the other hand, it is worth noting that, even in flat space-time, a symmetric
conserved energy-momentum tensor, which we shall generally denote by T µν , has many
pleasant properties. One of these is that it allows to define a conserved moment tensor
without the need for an internal or spin part:
T µκλ = xκ T µλ − xλ T µκ . (30)
Indeed, if we suppose that
T νµ = T µν , (31)
as well as
∂µT
µν = 0 , (32)
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then this definition of the moment tensor immediately implies that
∂µT
µκλ = 0 . (33)
Similarly, a traceless symmetric conserved energy-momentum tensor can be used to
define a conserved dilatation or scaling current without the need for an internal part:
T µ = xν T
µν . (34)
Indeed, if in addition to eqs (31) and (32), we also suppose that
T µµ = 0 , (35)
then this definition of the dilatation or scaling current immediately implies that
∂µT
µ = 0 . (36)
As an additional benefit, we can infer from eqs (31), (32) and (35) that the conformal
current, defined by
Cµν =
(
2xνxκ − x2 δνκ
)
T µκ , (37)
is also conserved:
∂µC
µν = 0 . (38)
This means that conformal invariance becomes a consequence of combining Poincare´
invariance and scale invariance.
The strategy for constructing a symmetric and – in the presence of scale invari-
ance – traceless energy-momentum tensor is always the same. The so-called canonical
energy-momentum tensor is “improved” by adding a term whose divergence vanishes
identically, for reasons of symmetry, that is
T µν = Θµν + ∂κf
κµν (39)
where f is supposed to be antisymmetric in its first two indices
fκµν + fµκν = 0 (40)
in order to guarantee that the vanishing of ∂µT
µν becomes equivalent to that of ∂µΘ
µν .
The problem is to determine fκµν in such a way that T µν becomes symmetric and – in
the presence of scale invariance – traceless. Further restrictions arise from the postulate
that fκµν should be a pointwise defined function of the fields and their partial derivatives
(up to some finite order). For example, in free electrodynamics, the substitution (39)
with fκµν = −F κµAν leads to
T µν = 1
4
ηµν F κλFκλ − F µκF κν (41)
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where we have omitted a term that vanishes “on shell”, that is, as a result of the
equations of motion of the theory, which in this case are the free Maxwell equations
∂µF
µν = 0.
For a more systematic treatment of the method of improving the so-called canonical
energy-momentum tensor, it is convenient to replace the Ansatz (39) by the equivalent
Ansatz
T µν = Θµν + 1
2
∂κ
(
τκµν + τµνκ − τ νκµ) (42)
where τ is supposed to be antisymmetric in its last two indices
τκµν + τκνµ = 0 (43)
in order to guarantee that
fκµν = 1
2
(
τκµν + τµνκ − τ νκµ) (44)
be antisymmetric in its first two indices. Conversely, τ can be expressed in terms of f :
τκµν = fκµν + f νκµ . (45)
Now from eqs (42) and (43) we obtain
T µν − T νµ = Θµν − Θνµ + ∂κτκµν
whereas eqs (14) and (18) yield
∂κΘ
κµν = Θµν − Θνµ + ∂κΣκµν ,
so we get
T µν − T νµ = ∂κ (Θκµν − Σκµν + τκµν) . (46)
Similarly, from eqs (42) and (43) we obtain
T µµ = Θ
µ
µ + ηµν ∂κτ
µνκ
whereas eqs (14) and (18) yield
∂µΘ
µ = Θµµ + ∂µΣ
µ ,
so we get
T µµ = ∂κ (Θ
κ − Σκ + ηµντµνκ) . (47)
These relations can be used to draw the following conclusions:
1. In a Poincare´ invariant theory, where Θµν and Θµκλ are conserved (see eqs (14)
and (17)), symmetry of T µν can be achieved by setting
τκµν = Σκµν . (48)
Then the improved moment tensor of eq. (30) is given by the following expression:
T µκλ = Θµκλ+ 1
2
∂ν
(
xκ
(
Σνµλ+Σµλν−Σλνµ) − xλ(Σνµκ+Σµκν−Σκνµ)) . (49)
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2. In a Poincare´ and scale invariant theory, where Θµν , Θµκλ and Θµ are conserved
(see eqs (14), (17) and (21)), symmetry and tracelessness of T µν can be achieved
by setting
τκµν = Σκµν +
1
n− 1
(
ηκµ ∂νf − ηκν ∂µf
)
, (50)
provided f satisfies the differential equation
f = ∂κ
(
Σκ − ηµνΣµνκ
)
. (51)
Then the improved moment tensor of eq. (30) and the improved dilatation or
scaling current of eq. (34) are given by the following more complicated expressions:
T µκλ = Θµκλ + 1
2
∂ν
(
xκ
(
Σνµλ + Σµλν − Σλνµ) − xλ(Σνµκ + Σµκν − Σκνµ))
+
1
n− 1
((
xκηµλ − xληµκ)f − (xκ∂ λ − xλ∂ κ) ∂ µf) . (52)
T µ = Θµ − Σµ + ηκλΣκλµ + 12 ∂κ
(
xν
(
Σκµν + Σµνκ − Σνκµ))
+
1
n− 1
(
xµf − xν ∂ ν∂ µf
)
. (53)
As an example, let us look at the scale invariant scalar field theory given by the
Lagrangian (27) with the potential (29), where the scaling dimension of the field ϕ
has the value dϕ =
1
2
(n− 2) and the so-called canonical energy-momentum tensor (28)
is symmetric but not traceless. In this case,
Σµκλ = 0 , Σµ = 1
2
(n− 2) ϕ ∂ µϕ ,
so that eq. (51) reduces to
f = 1
2
(n− 2) ∂κ
(
ϕ∂ κϕ
)
= 1
4
(n− 2) (ϕ2) ,
with the obvious solution
f = 1
4
(n− 2)ϕ2 .
Thus the improved energy-momentum tensor is
T µν = ∂ µϕ ∂ νϕ − 1
2
ηµν ∂ κϕ ∂κϕ + η
µν U(ϕ) − n− 2
4(n− 1)
(
∂ µ∂ ν − ηµν)ϕ2 , (54)
in agreement with the result obtained in Refs [3] and [4].
Of course, the substitution Θµν → T µν performed in eqs (39) and (42) is not just a
formal step. After all, the components of the energy-momentum tensor, which are the
densities and flux densities of energy and momentum, are observable quantities, and
experiment must decide what are the correct expressions. In particular, the expression
14
given in eq. (41) for the electromagnetic field has passed all experimental tests. The
same applies to the components of the moment tensor, which are the density and flux
density of angular momentum, and, to a somewhat lesser degree, to the dilatation or
scaling current. It is also clear that the physically correct expression must be free
of diseases such as asymmetry or lack of gauge invariance, which means that the so-
called canonical energy-momentum tensor is really an unphysical object resulting from
a formal construction: it is neither canonical nor does it represent the physical energy
or momentum density of anything.3 From this point of view, one may even be tempted
to call the entire strategy of “improvement” into question, at least as long as it remains
essentially an “ad hoc” procedure for getting the right result from the wrong one.
What is really needed is a general method that allows to derive the physically correct
energy-momentum tensor of any field theory, on flat as well as curved space-time, either
by means of a general guideline for directing the strategy of “improvement” towards
a definite and unique result or else from scratch and without any intermediate steps.
This is the problem that we shall address in the remainder of this paper.
3 Geometric Formulation
3.1 General Considerations
In a geometric setting, classical fields are sections of fiber bundles over space-time,
which we assume to be an n-dimensional manifold M . Simple examples show that
these bundles cannot in general be expected to be trivial and that even when they
are topologically trivial, they do not carry any distinguished trivialization. It is also
important to note that these bundles do not in general carry any additional structure,
except when one restricts oneself to special types of fields.
• Vector bundles arise naturally in theories with linear matter fields and also in
general relativity: the metric tensor is an example.
• Affine bundles can be employed to incorporate gauge fields, since connections
in a principal G-bundle P over space-time M can be viewed as sections of the
connection bundle of P – an affine bundle CP over M constructed from P .
• General fiber bundles are used to handle nonlinear matter fields, in particular
those corresponding to maps from space-time M to some target manifold Q:
a standard example are the nonlinear sigma models.
In what follows, we shall therefore suppose that the fields of the theory under study can
be represented as the sections of some given fiber bundle E over M , with projection
3This is why we insist on carrying along the prefix “so-called”.
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pi : E → M and typical fiber Q, usually referred to as the configuration bundle of the
theory; another frequently used term is field bundle.4 The standard procedure here is to
gather all the various bundles carrying the various fields that appear in a given theory
into one big “total” configuration bundle. However, the resulting picture tends to
obscure the special role played by interaction mediating fields such as the metric tensor
and Yang-Mills fields. In fact, physically realistic models of field theory are always made
up of various sectors containing different types of fields that interact among themselves
and with each other. Such sectors can be defined by assuming the “total” configuration
bundle E over M to be the fiber product over M of various “partial” configuration
bundles E(1), . . . , E(r) over M ,
E = E(1) ×M . . .×M E(r) , (55)
since a section ϕ of this fiber product corresponds simply to a multiplet (ϕ(1), . . . , ϕ(r))
formed by sections ϕ(k) of E(k) (k = 1, . . . , r). As we shall see in the next section, such
splittings play a central role for the correct understanding of concepts such as currents
and the energy-momentum tensor.
In this general framework, symmetries are always represented by bundle auto-
morphisms and their generators are represented by projectable vector fields. Briefly,
these concepts are defined as follows. First, a bundle automorphism of E is a fiber
preserving diffeomorphism φE : E → E. This means, of course, that φE induces a
diffeomorphism φM :M →M such that the diagram
E
φE−→ E
pi
y y pi
M
φM−→ M
(56)
commutes; then φE is said to cover φM . Moreover, a bundle automorphism is said to
be strict if it covers the identity on M . The set Aut(E) of all bundle automorphisms
of E is a group, called the automorphism group of E, and the set Auts(E) of all strict
bundle automorphisms of E is a normal subgroup of Aut(E) such that
Aut(E)/Auts(E) ∼= Diff(M) . (57)
We also define the support of a diffeomorphism φM of M to be the closure of the set of
points in M on which it does not act as the identity:
suppφM = {x ∈M/φM(x) 6= x} . (58)
4We prefer not to adopt this term because according to standard terminology, derivatives of fields
are again fields, whereas derivatives of sections of E are no longer sections of E but of JE, the first
order jet bundle of E; see below.
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Similarly, the base support of an automorphism φE of E is defined as the closure of the
set of points in M for which it does not act as the identity on the respective fiber:
suppφE = {x ∈M/φE(e) 6= e for some e ∈Ex} . (59)
Next, a vector field XE on E is said to be projectable if
Te1pi(XE(e1)) = Te2pi(XE(e2)) for e1, e2 ∈E with pi(e1) = pi(e2) (60)
where Tpi : TE → TM is the tangent map to the projection pi : E →M . This means,
of course, that XE induces a vector field XM on M to which it is pi-related:
XM(x) = Tepi(XE(e)) for x ∈M and e ∈E with pi(e) = x . (61)
Then XE is also said to cover XM . Moreover, a projectable vector field on E is said
to be vertical if it covers the zero vector field on M . The set XP (E) of all projectable
vector fields on E is a Lie algebra and the set XV (E) of all vertical vector fields on E
is an ideal in XP (E) such that
XP (E)/XV (E) ∼= X(M) . (62)
Of course, a vector field on E is projectable or vertical if and only if its flow consists of
(local) bundle automorphisms or (local) strict bundle automorphisms, respectively, so
formally XP (E) is the Lie algebra of Aut(E) and XV (E) is the Lie algebra of Auts(E);
we also refer to projectable vector fields as infinitesimal bundle automorphisms and
to vertical vector fields as infinitesimal strict bundle automorphisms . An alternative
interpretation that we shall often adopt without further mention is to think of a bundle
automorphism as being the pair (φM , φE), simply denoted by φ, and similarly of an
infinitesimal bundle automorphism as being the pair (XM , XE), simply denoted by X.
In this sense, a bundle automorphism φ acts on a section ϕ of E according to
(φ · ϕ)(x) = φE ·
(
ϕ(φ−1M (x)
)
for x ∈M . (63)
By differentiation, this leads to the following formula for the variation δXϕ of a section ϕ
of E under an infinitesimal bundle automorphism X, noting that this variation, as any
other one, must be a section of the vector bundle ϕ∗(V E) over M obtained from the
vertical bundle V E of E by pull-back via ϕ :
(δXϕ)(x) = XE(ϕ(x)) − Txϕ ·XM(x) for x ∈M . (64)
In this context, it should be noted that since Diff(M) is a quotient group but not a
subgroup of Aut(E), there is “a priori” no natural way of letting a diffeomorphism
of M act on a section of E: this can only be defined by giving a prescription for lifting
diffeomorphisms ofM to automorphisms of E. In general, such a lifting procedure does
not exist globally, although for many purposes it is sufficient to define it infinitesimally,
that is, as a lifting from vector fields on M to projectable vector fields on E, but even
when it does exist, its definition often requires additional input data: this happens, for
example, when E is a vector bundle associated to some principal G-bundle P over M
describing internal symmetries. If, on the other hand, E is one of the tensor bundles
T rsM of M , a natural and globally defined lifting procedure does exist: it consists in
taking φE to be the corresponding tensor power T
r
s φM of the tangent map TφM to φM .
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3.2 First Order Lagrangian Formalism
In the by now standard geometric first order Lagrangian formalism of classical field
theory (see, e.g., Refs [7,8] but note that we shall follow the notation employed in
Ref. [9]), one starts out from a configuration bundle E over M as above and introduces
its first order jet bundle JE, which can be defined as follows. Given a point e in E
with base point x = pi(e) in M , the fiber JeE of JE at e consists of all linear maps
from the tangent space TxM of the base space M at x to the tangent space TeE of the
total space E at e whose composition with the tangent map Tepi : TeE → TxM to the
projection pi : E →M gives the identity on TxM :
JeE = {ue ∈L(TxM,TeE) / Tepi ◦ue = idTxM } . (65)
Obviously, JeE is an affine subspace of the vector space L(TxM,TeE) of all linear maps
from TxM to TeE and hence JE, the disjoint union of all the spaces JeE as e varies
over E, is an affine bundle over E with respect to the target projection τJE : JE → E
that takes all of JeE to the point e. Of course, it is also a fiber bundle over M with
respect to the source projection σJE : JE →M defined by σJE = pi ◦ τJE, but without
any additional structure. A section ϕ of E over M gives rise to a section jϕ of JE
over M called its jet prolongation and defined by taking (jϕ)(x) ∈ Jϕ(x)E to be the
tangent map Txϕ to ϕ at x; it will also be denoted by (ϕ, ∂ϕ) to suggest that its value
at any point of M incorporates all the information contained in the value of ϕ and of
its first order (partial) derivatives at that point. Indeed, in adapted local coordinates
(xµ, qi) for E derived from local coordinates xµ for M , local coordinates qi for Q and
a local trivialization of E over M , as well as the induced local coordinates (xµ, qi, qiµ)
for JE, a section ϕ fixes the qi to be given functions of x, qi = ϕi(x), whereas its jet
prolongation jϕ = (ϕ, ∂ϕ) fixes the qiµ to be their partial derivatives, q
i
µ = ∂µϕ
i(x).
Moreover, given a function L on JE, we also use the abbreviations
∂L
∂ϕi
=
∂L
∂qi
(ϕ, ∂ϕ) ,
∂L
∂ ∂µϕi
=
∂L
∂qiµ
(ϕ, ∂ϕ) (66)
to denote the pull-back of the partial derivatives of L with respect to the field variables
by the jet prolongation jϕ = (ϕ, ∂ϕ) of ϕ; this is intended to make closer contact
with the notation used in the previous section, which is the standard one employed
by physicists. Similarly, we sometimes even abbreviate L(ϕ, ∂ϕ) to L, by abuse of
notation.
The analysis of symmetries in this framework relies on the observation that every
bundle automorphism φE of E over M has a jet prolongation to an affine bundle auto-
morphism φJE of JE over E covering φE, i.e., such that the diagram
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JE
φJE−→ JE
τJE
y y τJE
E
φE−→ E
pi
y y pi
M
φM−→ M
(67)
commutes: it can be defined explicitly by
φJE(ue) = TeφE ◦ue ◦ (TxφM)
−1 for ue ∈ JeE . (68)
Similarly, every projectable vector field XE on E has a jet prolongation to a projectable
vector field XJE on JE covering XE: it can be defined explicitly by applying eq. (68) to
(local) one-parameter groups of (local) bundle automorphisms and differentiating with
respect to the flow parameter. The result is most conveniently expressed in adapted
local coordinates as above, where
XM = X
µ ∂
∂xµ
, (69)
and
XE = X
µ ∂
∂xµ
+ X i
∂
∂qi
, (70)
so that
XJE = X
µ ∂
∂xµ
+ X i
∂
∂qi
+
(
∂X i
∂xµ
+ qjµ
∂X i
∂qj
− qiν
∂Xν
∂xµ
)
∂
∂qiµ
. (71)
Note that the coefficient functions Xµ in eq. (70) depend only on the base coordinates
xρ but not on the fiber coordinates qr of E, expressing the fact that XE is projectable
and covers XM . Similarly, the coefficient functions X
µ and X i in eq. (71) depend only
on the coordinates xρ and qr but not on the fiber coordinates qrρ of JE, expressing the
fact that XJE is projectable and covers XE; moreover, the affine dependence of the
remaining coefficients of XJE on the fiber coordinates q
r
ρ of JE reflects the fact that
the (local) bundle automorphisms generated by this vector field are affine.
Extending the alternative interpretation of bundle automorphisms and infinitesimal
bundle automorphisms mentioned at the end of the previous subsection, we shall also
think of the former as triples (φM , φE, φJE), again simply denoted by φ, and similarly
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of the latter as triples (XM , XE, XJE), again simply denoted by X. In this sense, a
bundle automorphism φ acts on the 1-jet jϕ = (ϕ, ∂ϕ) of a section ϕ of E according to
(φ · jϕ)(x) = φJE ·
(
jϕ(φ−1M (x)
)
for x ∈M . (72)
As before, this leads to the following formula for the variation δXjϕ = (δXϕ, δX∂ϕ)
of the 1-jet jϕ = (ϕ, ∂ϕ) of a section ϕ of E under an infinitesimal bundle auto-
morphism X:
(δXjϕ)(x) = XJE(jϕ(x)) − Txjϕ ·XM(x) for x ∈M . (73)
In adapted local coordinates as above, eq. (64) assumes the form
δXϕ
i = X i(ϕ) − ∂νϕiXν , (74)
while eq. (73) becomes
δX ∂µϕ
i =
∂X i
∂xµ
(ϕ) + ∂µϕ
j ∂X
i
∂qj
(ϕ) − ∂νϕi ∂X
ν
∂xµ
− ∂ν∂µϕiXν . (75)
It is amusing to note that this implies the useful identity
δX ∂µϕ
i = ∂µ δXϕ
i . (76)
The geometric first order Lagrangian formalism of classical field theory starts from
the assumption that the dynamics of the theory is fixed by prescribing a Lagrangian Lˆ
which, formally, is a map
Lˆ : JE −→ pi∗(∧n T ∗M) (77)
of fiber bundles over E. Assuming, as always, that M is orientable,5 this guarantees
that Lˆ can be integrated to define the action or, more precisely, the action over any
compact subset K of M , which is the functional on sections ϕ of E defined by
SK [ϕ] =
∫
K
Lˆ(ϕ, ∂ϕ) . (78)
In adapted local coordinates as above, with K contained in the domain of definition of
the space-time coordinates xµ, we write
Lˆ = L dnx (79)
where by abuse of language, L is also called the Lagrangian, to obtain
SK [ϕ] =
∫
K
dnx L(ϕ, ∂ϕ) . (80)
5If M is not orientable, we replace it by its twofold orientation cover.
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(For simplicity, the possible explicit dependence of L on the space-time coordinates is
suppressed from the notation.) As in the special case discussed in the previous section,
the equations of motion for the field ϕ are derived from the requirement that, for any
compact subset K of M , the action SK [ϕ] should be stationary under variations δϕ of
the field ϕ that vanish on the boundary of K. In adapted local coordinates as above,
with K contained in the domain of definition of the space-time coordinates xµ, this
stationarity condition can be evaluated by performing an explicit partial integration to
compute the following expression for the variation of the action induced by an arbitrary
variation δϕ of ϕ:
δSK [ϕ] =
∫
K
dnx
(
∂L
∂qi
(ϕ, ∂ϕ) δϕi +
∂L
∂qiµ
(ϕ, ∂ϕ) δ ∂µϕ
i
)
=
∫
K
dnx
(
∂L
∂qi
(ϕ, ∂ϕ) − ∂µ
( ∂L
∂qiµ
(ϕ, ∂ϕ)
))
δϕi
+
∫
K
dnx ∂µ
(
∂L
∂qiµ
(ϕ, ∂ϕ) δϕi
)
.
(81)
Indeed, since the second term vanishes due to the boundary condition imposed on δϕ
and since, except for this boundary condition, δϕ is arbitrary, we arrive at the standard
Euler-Lagrange equation which, taking into account the abbreviation (66), is the same
as in the simple ungeometric situation discussed in the previous section:
∂L
∂ϕi
− ∂µ
(
∂L
∂ ∂µϕi
)
= 0 . (82)
Globally, note that a variation δϕ of ϕ is a section of the vector bundle ϕ∗(V E) overM
obtained from the vertical bundle V E of E by pull-back via ϕ, and what has just been
proved is that the induced variation (or functional derivative) of the action can be
written in the special form
δSK [ϕ] =
∫
K
δLˆ
δϕ
[ϕ] · δϕ (83)
or
δSK [ϕ] =
∫
K
dnx
δL
δϕ
[ϕ] · δϕ =
∫
K
dnx
δL
δϕi
[ϕ] δϕi (84)
where δLˆ/δϕ evaluated at the section ϕ is an n-form with values in ϕ∗(V ∗E) and
(locally) δL/δϕ evaluated at the section ϕ is a section of ϕ∗(V ∗E), the vector bundle
over M dual to ϕ∗(V E), called the variational derivative or Euler-Lagrange derivative
of Lˆ and of L, respectively, at ϕ.6 Explicitly,
δL
δϕi
=
∂L
∂ϕi
− ∂µ
(
∂L
∂ ∂µϕi
)
. (85)
6What is special about eq. (84), say, is that it shows the functional derivative of the action, viewed
as a linear functional on the space of smooth sections of ϕ∗(V E), to be a regular functional, with a
smooth integral kernel given by eq. (85), and not just a distribution.
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3.3 Noether’s Theorems
Our goal in this subsection will be to formulate, within the first order Lagrangian
formalism outlined in the previous subsection, the well-known relation between
(continuous) symmetries and conservation laws established by Noether’s theorems.
We begin by defining, for a given Lagrangian Lˆ as in eq. (77) and a given bundle
automorphism φ, the transform of Lˆ under φ to be the Lagrangian
Lˆφ = φ∗M ◦ Lˆ ◦φJE . (86)
Then Lˆ is said to be invariant under φ and φ is said to be a symmetry of Lˆ if
Lˆφ = Lˆ . (87)
Similarly, for a given Lagrangian Lˆ as in eq. (77) and a given infinitesimal bundle auto-
morphism X, Lˆ is said to be invariant under X and X is said to be an infinitesimal
symmetry of Lˆ if
LXLˆ = 0 (88)
where LX denotes the Lie derivative along X, applied to functions on JE with values
in n-forms on M , which can be obtained as an appropriate combination of the Lie
derivative of functions on JE along XJE with the Lie derivative of n-forms on M
along XM . Of course, Lˆ is invariant under an infinitesimal bundle automorphism X
if and only if it is invariant under the (local) one-parameter group of (local) bundle
automorphisms generated by X. It is also clear that a symmetry φ of Lˆ leaves the
action invariant, in the sense that for any section ϕ of E over M and any compact
subset K of M ,
SK [φ · ϕ] = SφM (K)[ϕ] . (89)
In particular, it transforms solutions of the equations of motion into solutions of the
equations of motion. Similarly, an infinitesimal symmetry X of Lˆ leaves the action
unchanged, in the sense that for any section ϕ of E over M and any compact subset
K of M ,
δXSK [ϕ] =
∫
K
LXLˆ (ϕ, ∂ϕ) = 0 . (90)
In adapted local coordinates as above, with K contained in the domain of definition of
the space-time coordinates xµ, this infinitesimal invariance condition can be evaluated
by computing the following explicit expression for the variation of the action induced
by a variation δXϕ of ϕ generated by an infinitesimal bundle automorphism X:
δXSK [ϕ] =
∫
K
dnx
(
∂µ
(
L(ϕ, ∂ϕ)Xµ
)
+ δ FXL (ϕ, ∂ϕ)
)
. (91)
Here, the first term comes from the variation of the integration domain (representing the
Lie derivative of n-forms on M along XM mentioned above), while the second denotes
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the part of the variation of L due to the variation of the fields alone (representing the
Lie derivative of functions on JE along XJE mentioned above, pulled back to M):
δ FXL (ϕ, ∂ϕ) =
∂L
∂qi
(ϕ, ∂ϕ) δXϕ
i +
∂L
∂qiµ
(ϕ, ∂ϕ) δX ∂µϕ
i . (92)
Thus using eq. (76), integrating by parts and inserting the abbreviations (66) and (85),
we obtain
δXSK [ϕ] =
∫
K
dnx
(
δL
δϕi
δXϕ
i + ∂µ 〈j µcan , X〉(ϕ, ∂ϕ)
)
, (93)
where the expression
〈j µcan , X〉(ϕ, ∂ϕ) = LXµ +
∂L
∂ ∂µϕi
δXϕ
i . (94)
defines what we shall call the canonical total Noether current. Explicitly, we may use
eq. (74) to write it in the form
〈j µcan , X〉(ϕ, ∂ϕ) =
∂L
∂ ∂µϕi
X i(ϕ) −
(
∂L
∂ ∂µϕi
∂νϕ
i − δµν L
)
Xν , (95)
in complete agreement with eq. (10). (The term “total” is meant to indicate that jcan
encompasses both a “current type piece” in the original sense of the word “current”,
referring to internal symmetries, and an “energy-momentum tensor type piece”,
referring to space-time symmetries.) From eq. (93), we can then immediately derive
the first Noether theorem, which states that if X is an infinitesimal symmetry of Lˆ,
then the canonical total Noether current is conserved “on shell” (i.e., provided ϕ is a
solution of the equations of motion):
∂µ 〈j µcan , X〉(ϕ, ∂ϕ) = 0 . (96)
It also states that the same is true for the improved total Noether current, defined by
adding the curl of an (as yet unspecified) correction term:
j µimp(X;ϕ, ∂ϕ) = 〈j µcan , X〉(ϕ, ∂ϕ) + ∂ν jµνcor(X;ϕ, ∂ϕ) . (97)
Indeed, supposing the correction term to be antisymmetric in its indices, we see that
eq. (96) implies
∂µ j
µ
imp(X;ϕ, ∂ϕ) = 0 . (98)
In the language of differential forms, the (canonical or improved) total Noether current
is to be considered as an (n−1)-form and the correction term as an (n−2)-form onM ,
with respective local coordinate representations
〈jcan , X〉(ϕ, ∂ϕ) = 〈j µcan , X〉(ϕ, ∂ϕ) dnxµ , (99)
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jimp(X;ϕ, ∂ϕ) = j
µ
imp(X;ϕ, ∂ϕ) d
nxµ , (100)
and
jcor(X;ϕ, ∂ϕ) =
1
2
jµνcor(X;ϕ, ∂ϕ) d
nxµν , (101)
where
dnxµ = i∂µ d
nx , dnxµν = i∂ν i∂µ d
nx , (102)
so that eq. (97) becomes
jimp(X;ϕ, ∂ϕ) = 〈jcan , X〉(ϕ, ∂ϕ) + d jcor(X;ϕ, ∂ϕ) . (103)
The first Noether theorem now states that if X is an infinitesimal symmetry of Lˆ, then
the forms 〈jcan , X〉(ϕ, ∂ϕ) and jimp(X;ϕ, ∂ϕ) are closed “on shell” (i.e., provided ϕ is
a solution of the equations of motion):
d 〈jcan , X〉(ϕ, ∂ϕ) = 0 , (104)
d jimp(X;ϕ, ∂ϕ) = 0 . (105)
Note that, in the second case, this statement is completely independent of the choice
of the correction term.
Further insight into the nature of the various types of total Noether currents, as
well as of the allowed correction terms, can be gained from studying their functional
dependence on the infinitesimal bundle automorphism X and also on the solution ϕ.
The latter is simpler and will therefore be dealt with first. Here, the basic assumption
(or, in the case of the canonical total Noether current, the basic fact, to be proved
below) is that all these “field dependent” differential forms on M are obtained from
corresponding “field independent” differential forms on JE by pull-back with the jet
prolongation (ϕ, ∂ϕ) of ϕ. Thus, as already suggested by the notation, 〈jcan , X〉(ϕ, ∂ϕ)
is the pull-back of an (n − 1)-form 〈jcan , X〉 on JE representing the field independent
canonical total Noether current and similarly jimp(X;ϕ, ∂ϕ) is the pull-back of an
(n− 1)-form jimp(X) on JE representing the field independent improved total Noether
current, whereas jcor(X;ϕ, ∂ϕ) is the pull-back of an (n − 2)-form jcor(X) on JE re-
presenting a field independent correction term; the relation (103) is then guaranteed to
hold, for any choice of solution (or even field configuration) ϕ, if we require that
jimp(X) = 〈jcan , X〉 + d jcor(X) . (106)
Note that this condition is sufficient but is by no means necessary: what is really needed
is only eq. (103) which states that eq. (106) holds modulo forms that vanish “on shell”.
In order to substantiate this picture, let us pause to explain the global significance of
the canonical total Noether current, which in this context can be viewed as expressing
the covariant momentum map of multisymplectic field theory [7–9]. Namely, we have
〈jcan , X〉 = iXJEθLˆ (107)
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where θLˆ is the multicanonical form on JE obtained from the multicanonical form θ on
the affine dual of JE by pull-back via the covariant Legendre transformation induced
by Lˆ. Indeed, in adapted local coordinates, θLˆ is given by
θLˆ =
∂L
∂qiµ
dqi ∧ dnxµ +
(
L − qiµ
∂L
∂qiµ
)
dnx . (108)
Therefore, according to eq. (71),
〈jcan , X〉 =
(
∂L
∂qiµ
X i +
(
L − qjν
∂L
∂qjν
)
Xµ
)
dnxµ
− 1
2
(
∂L
∂qiµ
Xν − ∂L
∂qiν
Xµ
)
dqi ∧ dnxµν .
(109)
Pulling back with (ϕ, ∂ϕ) and using the second of the relations
dxκ ∧ dnxµ = δ
κ
µ d
nx , (110)
dxκ ∧ dnxµν = δ
κ
ν d
nxµ − δκµ dnxν , (111)
we see that two of the five terms cancel out and the remaining three reproduce eq. (95).
The statement of the first Noether theorem can also be checked in this purely differential
formulation by first writing out the infinitesimal invariance condition (88) in terms of
the (local) function L on JE given by eq. (79), which – apart from an additional term
of the form L ∂µXµ due to the fact that L is the coefficient of an n-form rather than
a function – follows directly from eq. (71):
∂ (LXµ)
∂xµ
+
∂L
∂qi
X i +
∂L
∂qiµ
(
∂X i
∂xµ
+ qjµ
∂X i
∂qj
− qiν
∂Xν
∂xµ
)
= 0 . (112)
Pulling back with (ϕ, ∂ϕ) and inserting the resulting expression into that obtained by
explicitly taking the divergence of eq. (95) gives
d 〈jcan , X〉(ϕ, ∂ϕ) =
(
∂µ
(
∂L
∂ ∂µϕi
)
− ∂L
∂ϕi
)(
X i(ϕ) − ∂νϕiXν
)
dnx , (113)
which vanishes due to the equations of motion (82).
Another important feature of the canonical total Noether current is expressed
through the second Noether theorem, which states that if X is an infinitesimal local
symmetry of Lˆ, then this current is not only conserved but actually vanishes “on shell”.
To prove this statement and appreciate its consequences, we need a precise definition,
at least at the infinitesimal level, of the concept of a local symmetry. The basic idea is
that an infinitesimal symmetry of a Lagrangian should be regarded as local if it remains
an infinitesimal symmetry even when modified through multiplication by an arbitrary
space-time dependent weight factor – a factor that can be viewed as modifying, in a
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space-time dependent manner, the “speed” of the one-parameter group it generates.
The mathematical implementation of this intuitive idea, however, is far from trivial:
it hinges on a proper definition of what one means by the symmetry group of the
Lagrangian and, in particular, is sensitive to the distinction between the abstract sym-
metry group itself and its concrete action on the fields of the theory; we shall return
to this question and discuss examples in the next subsection. But the symmetry group
pertinent to the canonical total Noether current is simply the group of symmetries of
the Lagrangian as defined at the beginning of this subsection, which is a subgroup of
the group of all bundle automorphisms of E, with the natural action on fields given by
pull-back of sections, so we may in this specific context define an infinitesimal bundle
automorphism X to be an infinitesimal local symmetry of Lˆ if, for any function f onM ,
the rescaled infinitesimal bundle automorphism fX is an infinitesimal symmetry of Lˆ.7
Obviously, the infinitesimal local symmetries of Lˆ in this sense form a module over
the ring F(M) of functions on M and also a Lie subalgebra of the Lie algebra of all
infinitesimal symmetries of Lˆ which in turn is a Lie subalgebra of the Lie algebra
XP (E) of all projectable vector fields on E: this can be seen directly from the defining
condition (88), using elementary properties of the Lie derivative on differential forms.
(Indeed, observe that the Lie derivative of a function on E which is the pull-back of a
function f onM along a vector field XE on E which is projectable to a vector field XM
onM is again the pull-back of a function onM , namely the Lie derivative of f alongXM .
Thus for any two infinitesimal local symmetries XE and YE of Lˆ and any function f
onM , the expression f [XE, YE] = [fXE, YE]+(YE ·f)XE is an infinitesimal symmetry
of Lˆ because fXE and (YE ·f)XE = (YM ·f)XE both are, showing that the Lie bracket
[XE, YE] is again an infinitesimal local symmetry of Lˆ.) With this definition, it is easy
to see that the canonical total Noether current vanishes “on shell” as soon as X is an
infinitesimal local symmetry of Lˆ, because given a solution ϕ of the equations of motion
and an infinitesimal bundle automorphism X such that, for any function f on M , fX
is an infinitesimal symmetry of Lˆ, we may apply eq. (104) with X and with fX to get
0 = d 〈jcan , fX〉(ϕ, ∂ϕ) − f d 〈jcan , X〉(ϕ, ∂ϕ) = df ∧ 〈jcan , X〉(ϕ, ∂ϕ) ,
where in the second equation, we have also used the fact that 〈jcan , X〉 and its pull-back
〈jcan , X〉(ϕ, ∂ϕ) are F(M)-linear in X (that is, in XE) – a property which is not obvious
from the global formula (107) but can for instance be read off from the local coordinate
representations (109) or (95), in which the derivatives of the coefficient functions Xµ
and X i that are present in the formula (71) for XJE have dropped out. Now the claim
follows from the fact that a differential form whose exterior product with every 1-form
is zero must vanish.
The argument just given makes it clear that applying the same kind of reasoning
to the improved total Noether current (or its constituents) will require a more care-
ful analysis of its functional dependence on the infinitesimal bundle automorphism X,
7We identify functions f on M with their pull-back to E, defined simply by composition with the
projection pi.
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a dependence that has not been specified so far since no assumption has been made on
the nature of the correction term: the (n − 2)-form jcor(X) on JE is still completely
arbitrary. In order to fix this term and arrive at a unique expression for the improved
total Noether current which provides the correct expressions for both the physical cur-
rent and the physical energy-momentum tensor, something more is needed, something
that lies beyond the realm of a purely Noetherian approach. This is the subject that
we shall turn to next.
3.4 Improvement and the Ultralocality Principle
Within the formalism developed in the previous subsections, symmetries in first order
Lagrangian field theories can be described by fixing a symmetry group, which is (at least
formally) a Lie group Gˆ, together with an action of Gˆ on the configuration bundle E
by bundle automorphisms, or at the infinitesimal level, by fixing a symmetry algebra,
which is a Lie algebra gˆ, together with a representation (up to sign) of gˆ by projectable
vector fields on E, that is, a Lie algebra homomorphism8
gˆ −→ XP (E) . (114)
Typically, Gˆ and gˆ will be finite-dimensional when we are dealing with global symme-
tries but will be infinite-dimensional as soon as we are dealing with local symmetries.
Moreover, in this case, there is an additional structure: just like XP (E), gˆ is not only a
Lie algebra but also a module over the ring F(M) of functions on space-time – normally
the module of sections of some vector bundle over M . However, the linear map (114)
will normally not be a homomorphism of F(M)-modules. As a result, its composition
with the (field independent) canonical total Noether current, which can itself be viewed
as a linear map
jcan : XP (E) −→ Ωn−1(JE)
X 7−→ 〈jcan , X〉
(115)
and actually, as argued above, as a homomorphism of F(M)-modules, will normally
not be a homomorphism of F(M)-modules either. Improvement is the strategy designed
to cure this defect. More explicitly, the (field independent) improved total Noether
current, viewed as a linear map
jimp : XP (E) −→ Ωn−1(JE)
X 7−→ jimp(X)
(116)
is fixed by imposing the following principle (the terminology has been adapted from
the theory of integrable systems [11]):
8Strictly speaking, the infinitesimal version of a (left) group action is a Lie algebra antihomo-
morphism, but this can be easily corrected by an adequate choice of sign.
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Ultralocality Principle : The correction term in eq. (106) must be chosen in such a
way that the composition of the linear map (114) with the linear map (116) becomes a
homomorphism of F(M)-modules.
The content of this principle is best understood by considering two special cases of
fundamental physical importance; they will be dealt with separately but in parallel in
order to emphasize the differences as well as the similarities.
1. Field theories with gauge invariance:
The expression “gauge invariance” is usually employed to indicate the presence of
a local internal symmetry group Gˆ acting on the configuration bundle of the theory
by strict bundle automorphisms. The mathematical formulation of a standard
gauge theory whose structure group is a (finite-dimensional) Lie group G with
corresponding (finite-dimensional) Lie algebra g, say, starts with the introduction
of a principal G-bundle P over M to which all other bundles appearing in the
theory are associated. For example, the configuration bundle E is associated to P
by means of a given action of G on its typical fiber Q. Similarly, the group Gˆ
is defined to be the group of G-equivariant strict automorphisms of P , which is
isomorphic to the space Γ(P ×GG) of sections of the associated bundle P ×GG
obtained by letting G act on G itself by conjugation, and correspondingly, the Lie
algebra gˆ is defined to be the Lie algebra of G-equivariant vertical vector fields
on P , which is isomorphic to the space Γ(P ×G g) of sections of the associated
bundle P ×G g obtained by letting G act on g via the adjoint representation; of
course, Γ(P×GG) is (at least formally) a Lie group because P×GG is a bundle of
Lie groups, and correspondingly, Γ(P ×G g) is a Lie algebra because P ×G g is a
bundle of Lie algebras. (Variants are obtained by considering instead appropriate
“sufficiently large” subgroups and corresponding subalgebras, such as the group
Γc(P ×G G) of sections of P ×G G with compact support (≡ 1 outside some
compact subset ofM) and the Lie algebra Γc(P ×G g) of sections of P ×G g with
compact support (≡ 0 outside some compact subset ofM), but the considerations
and arguments to be presented in what follows are easily adapted to cover such
situations; this will be left to the reader without further mention in order not to
overload the notation.) In addition, Γ(P ×G g) is obviously an F(M)-module:
its elements are the common infinitesimal local symmetries for all gauge invariant
Lagrangians. This provides one realization of the general structure advocated in
eq. (114) above: the explicit action of the symmetry generators on the fields is
coded into a Lie algebra homomorphism
Γ(P ×G g) −→ XP (E)
ξ 7−→ ξE
. (117)
The map (117) is of course R-linear but not necessarily F(M)-linear. In general,
it is only required to be local, which means that if ξ vanishes in some region of
space-time, that is, in a certain open subset U of M , then ξE vanishes in that
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same region, or rather in the open subset pi−1(U) of E. According to Peetre’s
theorem, this can be recast into the condition that, for every point x in M , the
value of ξE at any point in the fiber Ex of E over x should depend only on the
value of ξ and its partial derivatives up to a certain fixed order at x. Explicitly,
in adapted local coordinates as before, such a map (117) amounts to a procedure
for defining the vertical components ξiE of ξE in terms of the components ξ
a of ξ
by a formula of the type
ξiE = C
i
a ξ
a + Ci,ρa ∂ρξ
a + . . .+ Ci,ρ1... ρka ∂ρ1 . . . ∂ρkξ
a (118)
where the coefficients Cia, C
i,ρ
a , . . . , C
i,ρ1 ...ρk
a are (local) functions on E, whereas
the horizontal components ξµE of ξE vanish. From this point of view, requiring the
map (117) to be F(M)-linear, or equivalently, to be ultralocal, in the sense that,
for any point x in M , the value of ξE at any point in the fiber Ex of E over x
should depend only on the value of ξ at x but not on that of its partial derivatives,
is a much stronger condition, satisfied in many models but not in all, depending
on the specific nature of the fields appearing in the theory; examples will be given
later. If it is satisfied, we can simply compose the linear map (117) with the
linear map (115) and are done; otherwise, this composition needs improvement.
In general, composing the linear map (117) with the linear map (116) gives a
linear map
Γ(P ×G g) −→ Ωn−1(JE)
ξ 7−→ 〈j, ξ〉 = jimp(ξE)
(119)
that is claimed to be the improved current of the theory, provided the correction
term used in the improvement has been chosen according to the ultralocality
principle which states that the correct choice is the one that guarantees the map
(119) to be F(M)-linear. Note that this condition has to a certain extent already
been incorporated into the notation used in eq. (119), which suggests that the
dependence of the improved current on the symmetry generators is given by a
simple algebraic pairing and can thus be absorbed into a definition of j as an
(n−1)-form on JE with coefficients in the vector bundle P ×G g∗ dual to P ×G g
(or rather its pull-back from M to JE). Conversely, the ultralocality principle is
an immediate consequence of this property.
2. Field theories with general covariance, or space-time diffeomorphism invariance:
The expressions “general covariance” or “space-time diffeomorphism invariance”
are usually employed to indicate the presence of a “sufficiently large” local space-
time symmetry group Gˆ acting on the configuration bundle of the theory by non-
strict bundle automorphisms. In a generally covariant field theory, the group Gˆ
is the diffeomorphism group Diff(M) of M , and correspondingly, the Lie algebra
gˆ is the Lie algebra X(M) of vector fields on M . (Variants are obtained by
considering instead appropriate “sufficiently large” subgroups and corresponding
subalgebras, such as the group Diffc(M) of diffeomorphisms of M with compact
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support and the Lie algebra Xc(M) of vector fields on M with compact support,
but the considerations and arguments to be presented in what follows are easily
adapted to cover such situations; this will be left to the reader without further
mention in order not to overload the notation.) In addition, X(M) is obviously
an F(M)-module: its elements are the common infinitesimal local symmetries
for all generally covariant Lagrangians.9 This provides another realization of the
general structure advocated in eq. (114) above: the explicit action of the sym-
metry generators on the fields is coded into a Lie algebra homomorphism
X(M) −→ XP (E)
XM 7−→ XE
, (120)
which is a splitting of the exact sequence of Lie algebras
{0} −→ XV (E) −→ XP (E) −→ X(M) −→ {0} (121)
(see eq. (62)). Again, the map (120) – which is precisely the infinitesimal version
of the lifting of Diff(M) into Aut(E) mentioned in the introduction and used
in Ref. [5] to derive explicit expressions for the energy-momentum tensor – is of
course R-linear but not necessarily F(M)-linear.10 In general, it is only required
to be local, which means that if XM vanishes in some region of space-time, that
is, in a certain open subset U of M , then XE vanishes in that same region, or
rather in the open subset pi−1(U) of E. According to Peetre’s theorem, this can
be recast into the condition that, for every point x in M , the value of XE at any
point in the fiber Ex of E over x should depend only on the value of XM and its
partial derivatives up to a certain fixed order at x. Explicitly, in adapted local
coordinates as before, such a map (120) amounts to a procedure for defining the
vertical components X i of XE in terms of the components X
µ of XM by a formula
of the type [5]
X i = CiµX
µ + Ci,ρµ ∂ρX
µ + . . .+ Ci,ρ1... ρkµ ∂ρ1 . . . ∂ρkX
µ (122)
where the coefficients Ciµ, C
i,ρ
µ , . . . , C
i,ρ1 ...ρk
µ are (local) functions on E, whereas
the splitting condition imposed above fixes the horizontal components Xµ of XE
to be equal to those of XM . From this point of view, requiring the map (120) to
be F(M)-linear, or equivalently, to be ultralocal, in the sense that, for any point
x in M , the value of XE at any point in the fiber Ex of E over x should depend
only on the value of XM at x but not on that of its partial derivatives, is a much
stronger condition, satisfied in some models but by far not in all, depending on the
specific nature of the fields appearing in the theory; examples will be given later.
9A more detailed justification of this statement will be given later.
10In general, the existence of such a lifting can only be guaranteed for vector fields XM with compact
support contained in a sufficiently small open subset of M , for example a coordinate patch, but for
the purpose of constructing an improved energy-momentum tensor, this is enough.
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If it is satisfied, we can simply compose the linear map (120) with the linear map
(115) and are done; otherwise, this composition needs improvement. In general,
composing the linear map (120) with the linear map (116) gives a linear map
X(M) −→ Ωn−1(JE)
XM 7−→ 〈T,XM〉 = jimp(XE)
(123)
that is claimed to be the improved energy-momentum tensor of the theory, pro-
vided the correction term used in the improvement has been chosen according
to the ultralocality principle which states that the correct choice is the one that
guarantees the map (123) to be F(M)-linear. Note that this condition has to
a certain extent already been incorporated into the notation used in eq. (123),
which suggests that the dependence of the improved energy-momentum tensor on
the symmetry generators is given by a simple algebraic pairing and can thus be
absorbed into a definition of T as an (n− 1)-form on JE with coefficients in the
cotangent bundle T ∗M ofM (or rather its pull-back fromM to JE). Conversely,
the ultralocality principle is an immediate consequence of this property.
If one is not interested in the specific form of the correction terms, the result of the
entire procedure can be reformulated as a direct definition of the improved current j
and the improved energy-momentum tensor T in integral form, as follows.
Definition 3.1 In first order Lagrangian field theories with gauge invariance, the (field
independent) improved current j is an (n − 1)-form on JE with coefficients in the
vector bundle P ×G g∗ with the property that, for any smooth hypersurface Σ in M ,
any compact subset K of M with smooth boundary ∂K intersecting Σ in a smooth
(n−2)-dimensional submanifold, any infinitesimal gauge transformation ξ with support
contained in K and any section ϕ of E with jet prolongation (ϕ, ∂ϕ), we have∫
K∩Σ
〈jcan , ξE〉(ϕ, ∂ϕ) =
∫
K∩Σ
〈j, ξ〉(ϕ, ∂ϕ) ,
or more explicitly, using local coordinate notation∫
K∩Σ
dσµ(x) 〈j µcan , ξE〉(ϕ, ∂ϕ) (x) =
∫
K∩Σ
dσµ(x) j
µ
a (ϕ, ∂ϕ)(x) ξ
a(x) . (124)
Definition 3.2 In generally covariant first order Lagrangian field theories, the (field
independent) improved energy-momentum tensor T is an (n − 1)-form on JE
with coefficients in the cotangent bundle T ∗M of M with the property that, for any
smooth hypersurface Σ in M , any compact subset K of M with smooth boundary ∂K
intersecting Σ in a smooth (n−2)-dimensional submanifold, any vector field XM on M
with support contained in K and any section ϕ of E with jet prolongation (ϕ, ∂ϕ), we
have ∫
K∩Σ
〈jcan , XE〉(ϕ, ∂ϕ) =
∫
K∩Σ
〈T,XM〉(ϕ, ∂ϕ) ,
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or more explicitly, using local coordinate notation∫
K∩Σ
dσµ(x) 〈j µcan , XE〉(ϕ, ∂ϕ) (x) =
∫
K∩Σ
dσµ(x) T
µ
ν(ϕ, ∂ϕ)(x) X
ν
M(x) . (125)
The proof of these assertions relies on Stokes’ theorem, which implies that the con-
tributions to the rhs of eqs (124) and (125) coming from the correction terms can be
converted into integrals over the boundary ∂K ∩ Σ which vanish since ξ and XM are
supposed to have support inside K.
Of course, this characterization of candidates for the current and the improved
energy tensor is not new and has appeared many times before in the literature, with
widely varying terminology; see, e.g., [5, Theorem 1.1]. It should also be pointed out
that the definitions above do not by themselves guarantee existence of j and/or T ; this
will be a consequence of other arguments to be presented in the next section. However,
eqs (124) and (125), which can be regarded as defining j and T as quantities measuring
the linear response of the fields in the theory to gauge transformations and to space-
time diffeomorphisms, respectively, are by themselves sufficient to guarantee uniqueness
of j and T ; in particular, T is independent of the choice of the lifting map (120) used
in its definition.
There is now only one fundamental problem that remains to be settled. This
problem becomes apparent when we notice that the ultralocality principle hidden in
eqs (124) and (125) guarantees that the second Noether theorem continues to hold
for the improved expressions: the fact that the improvement terms have been chosen
precisely so as to render the assignments (119) and (123) F(M)-linear implies that the
gauge field current j and the energy-momentum tensor T are not only conserved but
actually vanish “on shell”. (The proof is the same as the one given for the canonical
total Noether current at the end of the previous subsection.) Obviously, this simply
cannot be true for the physical current or the physical energy-momentum tensor: these
do not vanish just because all fields in the theory satisfy their adequate equations of
motion!
Regarding our original problem of giving a general definition of the energy-
momentum tensor for an arbitrary Lagrangian field theory, we thus find that the
Noetherian approach, even when combined with a procedure of posterior improvement,
has led us into a dilemma. On one side, we have field theories with invariance under
“small” global symmetry groups, such as the special relativistic field theories studied in
the previous section which are invariant under space-time translations, Lorentz trans-
formations and, in some cases, also under dilatations. As stated before, improvement
is in this case essentially an “ad hoc” procedure: what is missing is a simple physical
criterion for directing it towards a definite and unique answer. At the opposite extreme,
we have field theories with “large” local symmetry groups such as the ones studied in
Ref. [5] where this problem can be overcome but the result is useless in practice because
it vanishes “on shell”. Intuitively, this can be understood by observing that if there are
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too many conserved currents in the theory, obtained from each other by arbitrarily re-
distributing local weight factors, then these currents must in fact all be zero. Of course,
this is well known and corresponds to the fact that local symmetries induce constraints
that restrict the phase space of the theory to the zero level of the momentum map.
In particular, we conclude that in the presence of large local symmetry groups, the
Noetherian construction alone is not able to provide a physically meaningful energy-
momentum tensor.
In order to find a way out of this impasse, let us return to the starting point of our
geometric analysis and recall that the formalism presented in this section was based on
the idea that all the different bundles carrying different types of fields have been lumped
together into a single big fiber bundle E over M . If this is done, then in an entirely
geometric field theory with no external data and no artificial internal ingredients (such
as an explicit symmetry breaking potential), Einstein’s principle of general covariance
(or coordinate invariance) combined with the principle of gauge invariance, suitably
reformulated in global language, will impose invariance of the total Lagrangian Lˆ under
the entire group Aut(E) of automorphisms of E, provided one requires all fields of the
theory to transform appropriately. As we have seen, it then follows from the second
Noether theorem that the canonical total Noether current introduced above vanishes
identically “on shell”, the same being true for the improved current and the improved
energy-momentum tensor. But as has already been mentioned once before, physically
realistic models of field theory are always made up of various sectors containing different
types of fields that interact among themselves and with each other. Moreover, currents
and the energy-momentum tensor will describe the mutual exchange of charges and of
energy-momentum between the various sectors, that is, the flow or transfer of these
quantities between the fields in different sectors. From this point of view, it becomes
clear that if one lumps all fields together into a single total field ϕ, that total field
will by definition have no partner for the exchange of charges or energy-momentum,
and this is why the improved current and the improved energy-momentum tensor as
defined above vanish identically “on shell”. A physically meaningful definition of non-
trivial conserved quantities requires a subdivision of E and ϕ into various sectors and a
physical discussion of the distinguished role played by certain kinds of fields, especially
the ones that mediate the four fundamental interactions, namely gauge fields (for the
electromagnetic, weak and strong interactions) and, of course, the metric tensor (for
gravity).
In order to prepare the ground for such an analysis, let us first introduce some
important notions that allow to distinguish between different types of fields that appear
in any given sector.
First, one may distinguish between fields that enter the Lagrangian together with
their first order partial derivatives (type A) and fields that enter the Lagrangian without
derivatives (type B). In other words, for fields of type A, which constitute the generic
case, Lˆ depends on their entire jet, whereas for fields of type B, Lˆ depends only on point
values of the fields. Of course, there is one other physically relevant case, namely general
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relativity, where the Lagrangian is constructed from curvature invariants and hence
contains the metric tensor and its partial derivatives up to second order. In certain
special cases, this situation can still be incorporated into the first order formalism
by adopting the Palatini formulation, based on introducing, in addition to the metric
tensor and as an “a priori” independent new field, a linear connection on space-time,
in such a way that vanishing of the torsion and of the covariant derivative of the metric
tensor (which uniquely characterize the Levi-Civita connection) become part of the
equations of motion; see the extensive discussion in Chapter 21.2 of Ref. [6]. However,
this procedure fails when curvature terms also appear in the matter field Lagrangian –
a situation that we shall encounter in the next two sections.
More important is the distinction between external and dynamical fields. External
fields represent the influence of the outside world on the system under consideration
but cannot be influenced by anything happening inside the system; in particular, their
space-time dependence is fixed and prescribed from outside, so they act like external
parameters in a dynamical system. (Quite often, but not always, external fields are
of type B; examples will be given soon.) Dynamical fields represent the physics of
the system itself, and determining their space-time dependence is, both physically and
mathematically, the main goal of field theory. The laws governing this space-time
dependence are of course the equations of motion, so we may say briefly that dynamical
fields satisfy equations of motion while external fields don’t (or to be more precise, may
or may not do so). Moreover, Lagrangian field theory supposes that the equations of
motion are derived from a principle of stationary action, so the previous statement can
be viewed as resulting from the prescription that in this derivation, the dynamical fields
are varied while the external fields are kept fixed. The situation may be different for
variations induced by symmetry transformations since these will sometimes not leave all
external fields fixed. If they do, then it may be convenient to replace a totally symmetric
formulation of the theory by one with manifest invariance only under restricted bundle
automorphisms, i.e., bundle automorphisms that leave all the external fields fixed.
In some cases, this is achieved by choosing special coordinates in which the external
fields assume a particularly simple form given, for instance, by constant functions: an
important example is a manifestly Lorentz invariant, rather than generally coordinate
invariant, formulation of field theory on flat space-time, where the flat space-time metric
plays the role of the external field. More generally, the most important class of external
fields invariant under all admissible variations is provided by invariant fiber metrics,
which in turn are a special case of G-structures – a concept to be discussed next.
3.5 G-structures and G-connections
In the general framework outlined in the previous subsections, it is difficult to construct
invariant Lagrangians directly. This is due to the fact that the full automorphism group
of the configuration bundle, which at this stage is the only natural candidate for a
symmetry group, is simply too large: it must somehow be reduced in order to arrive
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at subgroups that do admit interesting invariants. (In a similar spirit, we may observe
that the first order jet bundle of a fiber bundle is not a vector bundle but only an affine
bundle and that it is difficult to construct invariants under affine transformations, since
the translation part generates large orbits.) Inspection of concrete models reveals that,
as a rule, such symmetry reductions are achieved by requiring invariance of certain
additional structures that appear naturally, but often tacitly, in the construction of the
pertinent Lagrangian: this leads us into the mathematical theory of G-structures.
Given a Lie group G, a fiber bundle E over M , with bundle projection pi : E →M
and typical fiber Q, is said to carry a G-structure and simply called a G-bundle if there
is an action
G×Q −→ Q
(g, q) 7−→ g · q (126)
of G on Q such that one can find a bundle atlas for which the transition functions
fEαβ between any two bundle charts in the atlas can be written in terms of G-valued
functions gαβ on the overlap of the respective domains according to
fEαβ(x, q) = (x, gαβ(x) · q) . (127)
Of course, if we regard the diffeomorphism group Diff(M) as a (formal) Lie group, then
every fiber bundle with typical fiber Q carries a canonical (formal) Diff(Q)-structure.
Usually, however, G is much smaller, and typically it can be assumed to be a finite-
dimensional Lie group; it is in this situation that the concept of a G-bundle becomes
useful. As an example, assumingQ to be anN -dimensional vector space andG to be the
general linear group GL(N) leads us to regard N -dimensional vector bundles as GL(N)-
bundles. Similarly, supposing Q to be an N -dimensional real/complex vector space
equipped with a given scalar product and G to be the orthogonal group O(N) / unitary
group U(N) leads us to regard N -dimensional real/complex vector bundles equipped
with a fixed Riemannian/Hermitean fiber metric as O(N)-bundles /U(N)-bundles.
Examples of nonlinear nature also appear, namely in the so-called nonlinear sigma
models where, typically, Q is a homogeneous space for G: Q = G/H.
The modern approach to G-bundles consists in introducing a distinguished class of
G-bundles called principal G-bundles and to derive all others from these as associated
bundles. Briefly, given a G-bundle E over M with bundle projection pi : E → M and
typical fiber Q as above, the idea is to define a principal G-bundle P over M with
bundle projection ρ : P → M and typical fiber G whose transition functions can be
written in terms of the same G-valued functions gαβ as before, according to
fPαβ(x, g) = (x, gαβ(x)g) . (128)
Making use of the fact that left multiplication on G commutes with right multiplication
on G (which is nothing but the associativity law g1(gg2) = (g1g)g2 for the group
multiplication in G), this can be seen to guarantee the possibility to introduce a globally
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defined free right action
P ×G −→ P
(p , g) 7−→ p · g (129)
of G on P whose orbits are precisely the fibers of P . Moroever, taking the Cartesian
product P×Q of P and Q, on which G can be made to act from the right, say, according
to (p , q) ·g = (p ·g , g−1 ·q), and taking the quotient space with respect to this combined
action, one constructs a G-bundle P ×G Q over M known as the G-bundle associated
to P (with respect to the action of G on Q), which turns out to be naturally isomorphic
to the original G-bundle E over M .
Among the advantages offered by the approach based on the introduction of an
appropriate principal G-bundle, we may quote the possibility to give relatively simple
definitions of various important concepts such as G-bundle automorphisms, G-invariant
fiber metrics and G-connections. For example, a G-bundle automorphism is, roughly
speaking, a bundle automorphism that leaves the given G-structure invariant. This can
be made more precise by first defining an automorphism of a principal G-bundle P
over M to be an automorphism φP of P as a fiber bundle over M that is equivariant,
i.e., commutes with the right action of G on P :
φP (p · g) = φP (p) · g . (130)
It is easy to see that such an equivariant automorphism φP induces an automorphism
φP×GQ of any associated G-bundle P ×G Q. Explicitly,
φP×GQ([p, q]) = [φ(p), q] (131)
where [p, q] ∈P×GQ denotes the equivalence class of (p, q) ∈P×Q. Conversely, a bundle
automorphism φE of a G-bundle E is called a G-bundle automorphism if it can be
obtained in this way. For example, when E is an N -dimensional vector bundle and
G = GL(N), P will be the corresponding linear frame bundle of E and a bundle
automorphism of E will be a G-bundle automorphism if and only if it is fiberwise
linear, that is, a vector bundle automorphism. Similarly, when E is an N -dimensional
real/complex vector bundle equipped with a fixed Riemannian/Hermitean fiber metric
and G = O(N) /G = U(N), P will be the corresponding orthonormal frame bundle
of E and a bundle automorphism of E will be a G-bundle automorphism if and only if
it is fiberwise linear and isometric, that is, an isometric vector bundle automorphism.
In general, we postulate that when E is a G-bundle, symmetries of Lagrangians on JE
should be G-bundle automorphisms. In other words, we require the G-structure of E to
be fixed under all automorphisms considered as candidates for symmetries of physically
interesting Lagrangians.
The aforementioned reinterpretation of a Riemannian/Hermitean fiber metric on
an N -dimensional real/complex vector bundle as a G-structure with G = O(N) /
G = U(N) is easily extended from the positive definite to the indefinite case and
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can be further generalized by introducing the notion of a G-invariant fiber metric.
Given a real/complex G-vector bundle E = P ×G E0 over M associated to a principal
G-bundle P over M via a representation of G on a real / complex vector space E0,
11
it is easy to see that any G-invariant non-degenerate scalar product hE0 on E0 induces
a fiber metric hE on E which assigns to every point x in M a non-degenerate scalar
product hEx on the fiber Ex of E at x of the same type as h
E
0 and depending smoothly
on the base point x; it is G-invariant in the sense of being invariant under all G-bundle
automorphisms. Explicitly, for p in P such that ρ(p) = x and v1, v2 ∈E0,
hEx ([p, v1], [p, v2]) = h
E
0 (v1, v2) (132)
where [p, vi] ∈P ×GE0 denotes the equivalence class of (p, vi) ∈P ×E0. (Thus G is now
an extension, by the kernel of its representation on E0, of a subgroup of the pertinent
pseudo-orthogonal / pseudo-unitary group.) In any local trivialization of E induced by a
local section of P and a choice of basis in E0, the matrix elements of h
E
x are independent
of x and equal to those of hE0 . This construction admits a natural extension to the
nonlinear situation. Namely, given a G-fiber bundle E = P ×GQ overM associated to
a principal G-bundle P overM via an action of G on a manifold Q, it is easy to see that
any G-invariant pseudo-Riemannian metric hQ on Q induces a pseudo-Riemannian fiber
metric hE on E which assigns to every point e in E a non-degenerate scalar product hEe
on the vertical subspace VeE of the tangent space TeE at e of the same type as h
Q and
depending smoothly on the base point e; it is G-invariant in the sense of being invariant
under all G-bundle automorphisms. Explicitly, for p in P , q in Q and u1, u2 ∈TqQ,
hE[p,q]([p, u1], [p, u2]) = h
Q
q (u1, u2) (133)
where [p, ui] ∈P ×G TQ denotes the equivalence class of (p, ui) ∈P × TQ with respect
to the induced action of G on the tangent bundle TQ of Q and we have made use of
the following canonical isomorphism of vector bundles over P ×G Q :
V (P ×G Q) ∼= P ×G TQ . (134)
Thus we have an explicit example of the situation mentioned at the end of the previous
subsection: if we think of a G-invariant fiber metric as a type of external field, this
must be kept fixed under all variations – those used to derive the equations of motion
as well as those generated by candidates for infinitesimal symmetries of the Lagrangian –
and can therefore be made constant by restricting to special coordinates, namely fiber
coordinates corresponding to local trivializations that are compatible with the given
G-structure.
For what follows, it will be important to observe that all fiber metrics appearing in
the construction of the standard Lagrangians of field theory are fixed external fields in
this sense, with one possible exception: the metric tensor of space-time itself may be
either external, as in special relativity, or dynamical, as in general relativity.
11For a vector bundle E over M , we denote its typical fiber by E0, rather than Q as before.
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Turning to connections, we recall first of all that a general connection in a general
fiber bundle E over M can be defined in various equivalent ways. Two of these are:
• A connection in E is given by the choice of a horizontal bundle HE, which is a
vector subbundle of the tangent bundle TE of the total space E complementary
to the vertical bundle V E:
TE = V E ⊕HE . (135)
Given a connection and a vector field XE on E, we write (XE)V for its vertical
part and (XE)H for its horizontal part.
• A connection in E is given by the choice of a horizontal lifting map ΓE, which
is simply a section ΓE : E → JE of JE over E. Equivalently, it can be viewed
as a map ΓE : pi
∗(TM) → TE of vector bundles over E whose composition
with the tangent map Tpi to the projection pi : E → M , viewed as a map
Tpi : TE → pi∗(TM) of vector bundles over E, gives the identity on pi∗(TM):
Tpi ◦ΓE = idpi∗(TM) . (136)
Given a connection and a vector field XM on M , we write ΓE(XM) for the vector
field on E obtained as its horizontal lift:
ΓE(XM) (e) = ΓE(e) ·XM(pi(e)) for e ∈E . (137)
The equivalence between these two definitions is established by observing that for any
point e in E with base point x = pi(e) in M , the horizontal space HeE at e is the
image of TxM under ΓE(e) and conversely, ΓE(e) is the inverse of the restriction of Tepi
to HeE, which is a linear isomorphism. Given such a connection in E, we obtain a
covariant derivative D that maps every section ϕ of E to a 1-form Dϕ on M with
values in the pull-back ϕ∗(V E) of the vertical bundle V E of E via ϕ and is defined as
the difference
Dϕ = ∂ϕ − ΓE(ϕ) (138)
where ∂ϕ is of course the ordinary derivative or 1-jet of ϕ and ΓE(ϕ) the composition
of the maps ϕ : M → E and ΓE : E → JE. We also define the curvature form of the
connection to be the horizontal 2-form ΩE on E with values in the vertical bundle V E
of E such that for any two vector fields XE and YE on E, ΩE(XE, YE) is the vertical
part of the Lie bracket between the horizontal parts of XE and YE :
ΩE(XE, YE) = [ (XE)H , (YE)H ]V . (139)
Thus ΩE measures the extent to which the horizontal bundle fails to be involutive.
In adapted local coordinates (xµ, qi) for E derived from local coordinates xµ for M ,
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local coordinates qi for Q and a local trivialization of E over M , as well as the induced
local coordinates (xµ, qi, qiµ) for JE, we can write
ΓE(∂µ) = ∂µ + Γ
i
µ ∂i , (140)
and
ΩE(ΓE(∂µ),ΓE(∂ν)) = Ω
i
µν ∂i , (141)
to obtain
Dµϕ
i = ∂µϕ
i − Γiµ(ϕ) , (142)
and
Ωiµν = ∂µΓ
i
ν − ∂νΓiµ + Γjµ ∂jΓiν − Γjν ∂jΓiµ . (143)
In the presence of a G-structure, it is appropriate to introduce the concept of a
G-connection which, roughly speaking, is a connection compatible with the given G-
structure. Again, this can be made more specific by first defining a principal connection
in a principal G-bundle P over M to be a connection in P as a fiber bundle over M
that is invariant under the right action of G on P , which means that the corresponding
horizontal bundle should be invariant under this action and the corresponding hori-
zontal lifting map ΓP should be equivariant with respect to this action on P and the
induced action on JP . It is easy to see that such an equivariant connection ΓP induces
a connection ΓP×GQ on any associated G-bundle P ×G Q. Conversely, a connection ΓE
of a G-bundle E is called a G-connection if it can be obtained in this way. For example,
when E is an N -dimensional vector bundle and G = GL(N), P will be the correspond-
ing linear frame bundle of E and a connection in E will be a G-connection if and only
if it is a linear connection. In this case, all relevant structures are simplified due to
their linear behavior along the fibers of E. In particular, the pull-back ϕ∗(V E) of the
vertical bundle V E of E via any section ϕ can be identified with the bundle E itself,
so that the covariant derivative becomes an operator taking sections ϕ of E to 1-forms
Dϕ on M with values in E, whereas the curvature becomes a 2-form on M with values
in the bundle L(E) of linear transformations of E into itself. This linear behavior along
the fibers is most easily seen in adapted local coordinates as above (where the qi should
now be linear coordinates on the typical fiber), since
Γiµ(x, q) = − A iµ j(x) qj , (144)
and
Ωiµν(x, q) = − F iµν j (x) qj , (145)
so that
Dµϕ
i = ∂µϕ
i + A iµ j ϕ
j , (146)
and
F iµν j = ∂µA
i
ν j − ∂νA iµ j + A iµ k A kν j − A iν k A kµ j . (147)
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Similarly, when E is an N -dimensional real/complex vector bundle equipped with a
fixed Riemannian/Hermitean fiber metric and G = O(N) /G = U(N), P will be
the corresponding orthonormal frame bundle of E and a connection in E will be a G-
connection if and only if it is a linear connection leaving the given fiber metric invariant.
Returning to the general case, we have seen that, by definition, G-connections in G-
bundles are derived from principal connections in principal G-bundles, for which there is
another widely used definition, based on the fact that the vertical bundle of a principal
G-bundle P over M is globally trivial and admits a distinguished G-equivariant global
trivialization
τV P : P × g −→ V P
(p ,X) 7−→ XP (p)
(148)
given by the fundamental vector fields associated with the right action (129) of G on P :
XP (p) =
d
dt
(
p · exp(tX)
) ∣∣∣∣
t=0
. (149)
Indeed:
• A principal connection in P is given by the choice of a connection form A, which
is a G-equivariant 1-form on P with values in the Lie algebra g of G and such that,
when viewed as a map A : TP → P × g of vector bundles over P , its restriction
to the vertical bundle V P of P , composed with the isomorphism (148), gives the
identity on V P :
τV P ◦A
∣∣
V P
= idV P . (150)
The equivalence with the previous two definitions can be established by postulating
that the horizontal bundle is precisely the kernel of A:
HP = kerA . (151)
This relation can indeed be read in both directions, since it not only defines the hori-
zontal bundle in terms of the connection form but also yields the connection form in
terms of the horizontal bundle. This statement, together with the relation between all
three definitions, becomes even clearer if we express all objects in terms of the vertical
projection from TP onto V P (with kernel HP ) and the horizontal projection from TP
onto HP (with kernel V P ) associated with the direct decomposition (135), with E
replaced by P . In fact, the composition on the lhs of eq. (150) above is the vertical
projection, whereas the composition of ΓP , when viewed as a map ΓP : ρ
∗(TM)→ TP
of vector bundles over P , with the tangent map Tρ to the bundle projection ρ : P →M
(in the opposite order to that used in eq. (136)) is the horizontal projection. Thus using
the obvious fact that these two projections must add up to the identity on TP , we can
write
τV P ◦A + ΓP ◦ Tρ = idTP . (152)
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The curvature form associated with such a connection form is defined to be the G-
equivariant horizontal 2-form F on P with values in the Lie algebra g of G defined as
the composition of ΩP with the inverse of the trivialization τV P , except for a sign:
τV P ◦F + ΩP = 0 . (153)
Then
F = dA + 1
2
[A ∧, A] . (154)
Note that A is zero on the horizontal bundle while F is zero on the vertical bundle. It is
also clear that G-bundle automorphisms transform G-connections into G-connections,
since automorphisms of principal G-bundles transform principal connections into prin-
cipal connections. (For example, looking at the right action (129) of G on P , it is clear
that a G-equivariant automorphism will not only leave the G-invariant vertical bundle
invariant but also transform a G-invariant horizontal bundle into another G-invariant
horizontal bundle.) In particular, this is true for strict G-bundle automorphisms, known
in physics as gauge transformations, which can also be interpreted as G-equivariant
functions on P with values in G, or equivalently, as sections of a certain bundle of Lie
groups overM constructed from P , namely the associated bundle P ×GG, with respect
to the action of G on G itself by conjugation. Similarly, infinitesimal strict G-bundle
automorphisms, known in physics as infinitesimal gauge transformations, can also be
interpreted as G-equivariant functions on P with values in g, or equivalently, as sections
of a certain bundle of Lie algebras over M constructed from P , namely the associated
bundle P×Gg, with respect to the adjoint representation of G on g. This interpretation
is useful, for example, for writing down the transformation law of connection forms A
and curvature forms F under gauge transformations g,
A → g · A = g A g−1 − dg g−1 ,
F → g · F = g Fg−1 , (155)
and for the variation of connection forms A and curvature forms F under infinitesimal
gauge transformations ξ,
δξA = [ξ, A] − dξ = −Dξ ,
δξF = [ξ, F ] .
(156)
For later use, we note that the curvature form can also be viewed as a 2-form F on M
with coefficients in the associated Lie algebra bundle P ×G g. For the connection
form A, it is impossible to give an analogous interpretation as a section of a vector
bundle over M , but it can be viewed as a section of an affine bundle over M .
Concluding this subsection, we wish to emphasize that, in view of the enormous
importance of connections both in physics and in mathematics, it seems adequate to
consider them as a special class of fields. It must be emphasized, however, that the only
connections of interest in physics are the G-connections. The reason is that fields are
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functions on space-time or, in the general geometric setting discussed in the previous
subsection, sections of bundles over space-time, while general connections on a general
fiber bundle show an arbitrary dependence on the fiber coordinates: they are not fields!
But G-connections are, precisely because they are derived from principal connections
in principal G-bundles whose dependence along the fibers is completely fixed by the
requirement of G-equivariance.
3.6 Construction of invariant Lagrangians
As has already been mentioned at the very beginning of this section, there are essentially
three different classes of fields that appear in concrete models.
• Linear matter fields which are sections of G-vector bundles over space-time,
• Nonlinear matter fields which are sections of general G-fiber bundles over space-
time, also called sigma model type fields,
• Gauge fields which are G-connections in G-bundles over space-time.
We emphasize once again that general connections in general fiber bundles with-
out any additional structure are not physical fields.
A G-connection is the essential ingredient for defining covariant derivatives of matter
fields, both linear and nonlinear, and such covariant derivatives are always sections of
G-vector bundles over space-time. Similarly, the curvature of a G-connection is also a
section of a certain G-vector bundle over space-time. It is interesting to note that in
all known Lagrangians of physical significance in field theory, G-connections enter only
through covariant derivatives of matter fields or through curvature terms.12
In order to explain how to construct the standard invariant Lagrangians of field
theory, let us first take a brief look at various types of fields of particular importance.
a) Tensor fields on the space-time manifoldM will almost always be part of the con-
struction – partly because they appear, explicitly or tacitly, as soon as one takes
space-time derivatives of fields. They are sections of the tensor bundles T rsM ofM
which can be constructed canonically from the tangent bundle TM and its dual,
the cotangent bundle T ∗M , by taking tensor products. Derivatives of tensor fields
are covariant derivatives with respect to some linear space-time connection Γ and
as such are again tensor fields. (A notable exception occurs for differential forms,
where one can use Cartan’s operator d of exterior differentiation, which makes no
12There is one notable exception of considerable theoretical interest but whose direct physical signi-
ficance is unclear, namely the Chern-Simons Lagrangian, which differs from all other Lagrangians
containing gauge fields in that it is only gauge invariant up to a total divergence and describes a
topological field theory, without true dynamics.
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reference to the choice of a space-time connection. Its definition is usually written
using ordinary partial derivatives but in fact the same formula holds if these are
replaced by covariant derivatives with respect to an arbitrary torsion-free linear
connection onM .) Another special feature of tensor fields is that diffeomorphisms
of M can be lifted canonically to automorphisms of the tensor bundles T rsM and
hence act naturally on tensor fields. It should be noted that the lifting T rs φM
to T rsM of a diffeomorphism φM of M is never strict (except when both are the
identity). Strict automorphisms of the tensor bundles also play a role: they are
the proper geometric concept for describing local frame transformations.
A specific tensor field that plays an outstanding role is the metric tensor g.
A pseudo-Riemannian metric on M is a rank 2 symmetric tensor field which
is nowhere degenerate and has fixed signature (p, q) (where p + q = n), the de-
fault case for classical field theory being of course that of Lorentz signature (p = 1
and q = n − 1 or p = n − 1 and q = 1, depending on the conventions used).
Apart from providing a fiber metric on each of the tensor bundles T rsM , such a
metric tensor induces useful additional structures. One of these is the Levi-Civita
connection which is a family of linear connections, all commonly denoted by ∇,
on the tensor bundles T rsM that commutes with the natural operations between
tensor bundles (tensor products and contractions) and is uniquely characterized
by two properties:
∇X g = 0 (metricity) , (157)
∇XY − ∇YX − [X, Y ] = 0 (vanishing torsion) . (158)
Supposing M to be oriented, as always, the other is the pseudo-Riemannian
volume form τ which, just like the metric tensor g itself, is covariant constant:
∇X τ = 0 . (159)
In terms of local coordinates xµ on M , we can write
∇µ ϕ ν1... νsµ1... µr = ∂µ ϕ
ν1... νs
µ1... µr
+
s∑
l=1
Γ
νl
µλ ϕ
ν1... νl−1λνl+1... νs
µ1... µr
−
r∑
k=1
Γ
κ
µµk
ϕ
ν1... νs
µ1... µk−1κµk+1... µr
(160)
where
Γκµλ =
1
2
gκν
(
∂µgλν + ∂λgµν − ∂νgµλ
)
, (161)
while
τ =
√
| det g| dnx . (162)
This allows us to rewrite the Lagrangian Lˆ in terms of a Lagrangian function L,
rather than a Lagrangian density L as in eq. (79):
Lˆ = L τ . (163)
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Of course,
L =
√
| det g| L . (164)
b) Spinor fields on the space-time manifold M are closely related to tensor fields
but somewhat more difficult to handle since their mere definition presupposes the
choice of a metric tensor. Namely, they are sections of a complex vector bundle
SM overM called the spinor bundle which, very loosely speaking, is a square root
of the (complexified) tangent bundle.13 This interpretation can be taken almost
literally in the case of Riemann surfaces, but in general a more precise statement
is that there is a canonical homomorphism
γ : T cM −→ L(SM) ≡ S∗M ⊗ SM (165)
of vector bundles overM which by taking Clifford products extends to a canonical
isomorphism
Cliff(T cM) ∼= L(SM) ≡ S∗M ⊗ SM (166)
of algebra bundles over M (the superscript c indicates complexification). More-
over, the spinor bundle SM of M carries a natural fiber metric which associates
to any two sections ψ and χ of SM a function on M denoted by ψ¯χ: it is non-
degenerate but in general not positive definite and such that γ restricted to TM
takes values in the bundle of pseudo-Hermitean linear transformations of SM .
Finally, the Levi-Civita connection can be uniquely lifted from tensor fields to
spinor fields in such a way that the property of metricity carries over from the
metric tensor g to the homomorphism γ:
∇Xγ = 0 . (167)
In terms of local coordinates xµ on M , γ is defined by requiring it to take the
coordinate vector fields ∂µ to the Dirac γ-matrices γµ, which must satisfy the
Clifford algebra relations
γµγν + γνγµ = 2 gµν (168)
and we can write
∇µψα = ∂µψα + Γαµβ ψβ (169)
where the Γαµβ are known as the spinor connection coefficients. An explicit formula
for them can only be given in terms of orthonormal frame fields; this is deferred to
Sect. 4.3 where it will be needed. Here, we just mention that the spin connection
preserves the aforementioned natural fiber metric on the spinor bundle. Moreover,
we note that each spinor field ψ gives rise to the composite tensor fields
ψ¯ γµ1 . . . γµrψ dx
µ1 ⊗ . . .⊗ dxµr
13The spinors considered here are Dirac spinors.
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whose covariant derivatives can be calculated in terms of covariant derivatives of
the underlying spinor field by means of a Leibniz rule:
∇X
(
ψ¯ γµ1 . . . γµrψ
)
= (∇X ψ¯) γµ1 . . . γµrψ + ψ¯ γµ1 . . . γµr(∇X ψ) . (170)
c) Sections of other G-vector bundles V and, more generally, of G-fiber bundles F
over the space-time manifold M appear in theories containing matter fields with
internal symmetries that are realized linearly or, more generally, nonlinearly.
The covariant derivative DXϕ of such a section ϕ along any vector field X on M ,
with respect to a given G-connection A, is in the first case again a section of V and
in the second case a section of the pull-back ϕ∗(V F ) of the vertical bundle V F
of F to M via ϕ itself. In both cases, all bundles involved are associated to some
given principal G-bundle P over M , namely V = P ×G V0 with respect to some
given representation of G on the vector space V0 which is the typical fiber of V ,
F = P ×G Q with respect to some given action of G on the manifold Q which is
the typical fiber of F and V F = P ×G TQ with respect to the induced action
of G on the tangent bundle TQ of Q ; then A is a principal connection in P .
In terms of local coordinates xµ on M , a basis of generators Ta in the underlying
Lie algebra g and a local section of P , we can write
Dµϕ
i = ∂µϕ
i + Aaµ (Ta)
i
j ϕ
j (171)
with respect to a basis in V0 in the first case, where the (Ta)
i
j are the matrix
elements of the linear transformations on V0 corresponding to the generators Ta
under the representation of g induced from that of G, and
Dµϕ
i = ∂µϕ
i + Aaµ T
i
a(ϕ) (172)
with respect to local coordinates qi on Q in the second case, where the T ia are the
components of the fundamental vector fields on Q corresponding to the generators
Ta under the action of G on Q.
d) Gauge fields are described by principal connections in a principal G-bundle P over
the space-time manifold M , more precisely in terms of their connection form A
and curvature form F , as explained in the previous subsection. The latter can
be viewed as a 2-form on M with coefficients in the corresponding associated Lie
algebra bundle P ×G g.
More general fields are obtained as sections of bundles constructed from the building
blocks mentioned under a)-d) above by taking duals, direct sums (or in the nonlinear
case, fiber products) and tensor products. Similarly, their covariant derivatives are
obtained using the corresponding constructions for connections. For instance, tensor
fields or spinor fields with coefficients in a G-vector bundle V over M are sections of
45
T rsM ⊗ V and of SM ⊗ V , respectively, and their covariant derivatives must be taken
using both the G-connection A and the space-time connection Γ:
Dµϕ
ν1... νs, i
µ1... µr
= ∂µϕ
ν1... νs, i
µ1... µr
+ Aaµ (Ta)
i
j ϕ
ν1... νs, j
µ1... µr
+
s∑
l=1
Γ
νl
µλ ϕ
ν1... νl−1λνl+1... νs, i
µ1... µr
−
r∑
k=1
Γ
κ
µµk
ϕ
ν1...νs, i
µ1... µk−1κµk+1... µr ,
(173)
Dµψ
α, k = ∂µψ
α, k + Aaµ (Ta)
k
l ψ
α, l + Γαµβ ψ
β, k . (174)
Apart from this input, the construction of invariant Lagrangians hinges on the choice
of a metric tensor g and, in the presence of fields carrying internal symmetries, of
other fiber metrics h on the bundles involved; these will also be denoted by brackets of
the form (. , .) in the real case and by brackets of the form 〈. , .〉 in the complex case.
The most important examples are the following.
• For scalar fields with linearly realized internal symmetry, that is, sections ϕ of
V = P ×G V0,
LRSC =
1
2
gµν (Dµϕ ,Dνϕ) − U(ϕ) = 12 gµν hij DµϕiDνϕj − U(ϕ) (175)
in the real case and
LCSC = g
µν 〈Dµϕ ,Dνϕ〉 − U(ϕ) = gµν hij Dµϕ¯iDνϕj − U(ϕ) (176)
in the complex case, where h is a G-invariant scalar product on V0, giving rise to
a G-invariant fiber metric on V , and U is a potential describing self-interactions;
it is simply a G-invariant function on V0, giving rise to a G-invariant function
on V . For dimV0 = 1, for example, choosing U(ϕ) =
1
2
m2 ϕ2 in the real case
and U(ϕ¯, ϕ) = m2 |ϕ|2 in the complex case gives the free scalar field of mass m,
including a term of the form |ϕ|4 leads to the ϕ4-theory, etc..
• For scalar fields with nonlinearly realized internal symmetry, that is, sections ϕ
of F = P ×G Q,
LGSM =
1
2
gµν (Dµϕ ,Dνϕ) − U(ϕ) = 12 gµν hij(ϕ)DµϕiDνϕj − U(ϕ) (177)
where h is now a G-invariant pseudo-Riemannian metric on Q, giving rise to a G-
invariant pseudo-Riemannian fiber metric on F , and U is a potential describing
self-interactions; it is simply a G-invariant function on Q, giving rise to a G-
invariant function on F . This is the Lagrangian for a generalized sigma model
which contains as a special case the ordinary sigma model with target space a
Riemannian manifold Q with metric h: it is obtained by choosing P and F to
be trivial G-bundles, i.e., P = M × G and F = M × Q, A to be the trivial flat
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G-connection and U to vanish. Indeed, sections of F can then be identified with
mappings from M to Q and the Lagrangian (177) reduces to the ordinary sigma
model Lagrangian:
LOSM =
1
2
gµν (∂µϕ , ∂νϕ) =
1
2
gµν hij(ϕ) ∂µϕ
i ∂νϕ
j (178)
• For spinor fields with (necessarily linearly realized) internal symmetry, that is,
sections ψ of SM ⊗W with W = P ×G W0,
LDSP =
i
2
ψ¯
←→
D/ ψ − U(ψ¯, ψ) = i
2
gµν hkl ψ¯
kγµ
←→
Dνψ
l − U(ψ¯, ψ) (179)
where, once again, h is a G-invariant scalar product on W0, giving rise to a G-
invariant fiber metric on W , and U is a potential describing self-interactions;
usually, it is an invariant function of composite tensor fields of the form
ψ¯kγµ1 . . . γµrψ
l obtained by contracting all internal indices with h and all space-
time indices with g.14 For dimW0 = 1, for example, choosing U(ψ¯, ψ) = mψ¯ψ
gives the free Dirac spinor field of mass m, including a term of the form
gµν ψ¯γµψ ψ¯γνψ gives the Thirring model, including a term of the form (ψ¯ψ)
2
or (ψ¯ψ)2 − (ψ¯γ5ψ)2 gives the Gross-Neveu model and the chiral Gross-Neveu
model, respectively, etc..
• For G-connections , that is, connection forms A on P ,
LYM = − 14 gµκgνλ (Fµν , Fκλ) = − 14 gµκgνλ hab F aµνF bκλ (180)
where F is the curvature form of A and h is now a G-invariant scalar product on
the Lie algebra g, giving rise to a G-invariant fiber metric on P ×G g. This is the
well-known Yang-Mills Lagrangian.
• For the metric tensor g of space-time, when regarded as a dynamical field,
LEH = − 12 (R + 2Λ) (181)
where R denotes the scalar curvature and Λ is the cosmological constant.15 This
is the well-known Einstein-Hilbert Lagrangian.
The question whether the metric tensor g of space-time is an external field or a
dynamical field depends on the physical system to be described. Fixing the metric
tensor g as an external field means studying a non-gravity type field system on a given
space-time background, thus taking into account the gravitational influence exerted on
the system by the outside world but neglecting gravitational interactions within the
system as well as the gravitational back reaction of the system on the outside world.
14Note also that, by definition, A
←→
DµB = ADµB −DµAB.
15For simplicity, we work in natural units where c=1 and Newton’s constant γ = 1/8pi.
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As is well known, this approach may lead to consistency problems whose consequences
may however often be neglected from a practical point of view. But if the effects of
gravity are to be fully included, the metric tensor g must be treated as a dynamical
field and the Einstein-Hilbert term should be incorporated into the full Lagrangian.
Apart from the coupling terms between matter fields and gauge fields that have
already been taken into account above by adopting the usual prescription of minimal
coupling (which states that ordinary partial derivatives should be replaced by covariant
derivatives), there are of course other possibilities to introduce coupling terms between
different fields. An important example is provided by cubic coupling terms between
scalar fields ϕ and spinor fields ψ, e.g.
LY C = hi,kl ϕ
i ψ¯kψl (182)
for real scalar fields or
LY C = Re
(
hi,kl ϕ
i ψ¯kψl
)
(183)
for complex scalar fields, where h is now a G-invariant tensor that provides an inter-
twining operator between the tensor product of the representation of G on the internal
space W0 for the spinors with its dual and the representation of G on the internal space
V0 for the scalars. This is the well-known Yukawa coupling.
From the example Lagrangians given above, one can construct Lagrangians for
more complicated, composite systems by summing up the individual Lagrangians for
the various different pieces. In particular, one can in this way obtain the complete
Lagrangian for the standard model of elementary particle physics.
As a final example, we mention another Lagrangian for G-connections, that is,
connection forms A on P , which in many respects is entirely different from the Yang-
Mills Lagrangian:
LˆCS = (A ∧, dA) + 13 (A ∧, [A ∧, A]) . (184)
This is the Chern-Simons Lagrangian, which of course makes sense only in n=3 space-
time dimensions since LˆCS as defined in this equation is a 3-form. Other peculiar
features are that its definition does not require a space-time metric and that it fails to
be gauge invariant, but on the other hand it is gauge invariant up to total divergences as
well as space-time diffeomorphism invariant up to total divergences, or in other words,
it changes by the exterior derivative of an appropriate 2-form when subjected to an
arbitrary automorphism (strict or non-strict) of P . This means that the corresponding
action functional, whose critical points are simply the flat connections, has an enormous
symmetry group: it is invariant under all gauge transformations and all space-time
diffeomorphisms satisfying appropriate boundary conditions at infinity. As a result,
the Chern-Simons theory is a topological field theory, without any true dynamics.
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4 Currents and Energy-Momentum Tensor
In this section, we present the general solution to the problem of finding the physically
correct current in Lagrangian field theories with gauge invariance and the physically
correct energy-momentum tensor in Lagrangian field theories with general covariance,
or space-time diffeomorphism invariance. Both of these problems are quite similar
in nature and we believe that their parallel treatment will help to further clarify the
reasoning.
To begin with, let us briefly recall the central points of the “Noetherian approach”
to the question as developed in Sect. 3, within a fully geometrized first order Lagrangian
formalism. Starting from the canonical total Noether current associated with a given
Lagrangian – an object that comprises a “current type piece” in the original sense of
the word “current”, referring to internal symmetries, as well as an “energy-momentum
tensor type piece”, referring to space-time symmetries, and that can be derived from
the covariant momentum map of multisymplectic field theory [7–9] – we have first
established a general framework for possible correction terms. Subsequently, we have
formulated the “ultralocality principle”, which requires the improved Noether current
and the improved energy-momentum tensor to be ultralocal – or in mathematical terms,
F(M)-linear – in the pertinent symmetry generators. However, the procedure is still
incomplete because, for Lagrangians that admit a “sufficiently large” local symmetry
group, the second Noether theorem forces all of these expressions to vanish “on shell”,
that is, when all fields in the theory satisfy their equations of motion. This problem, as
we have argued, can only be overcome by appropriately splitting the fields in the theory
into different sectors and analyzing the exchange of conserved quantities between them.
What remains to be done is to perform this splitting concretely and then draw the
consequences.
Before embarking on this program, we would like to mention two restrictions, both of
which are important prerequisites for the construction of invariant model Lagrangians,
as explained in Sect. 3.5. First, we shall consider only theories with an underlying
G-structure, where G is some given (finite-dimensional) Lie group. In other words, all
fiber bundles occurring in the theory are assumed to be G-bundles, associated to some
given principal G-bundle P over M , and all pertinent symmetry groups are realized by
G-bundle automorphisms, induced by automorphisms of P ; this will enable us to make
use of G-invariant fiber metrics which can be regarded as fixed external background
fields and are needed to define interesting Lagrangians. Second, we shall assume the
space-time manifold M to be equipped with a metric tensor g which in the discussion
of the current for gauge theories will serve merely as another fixed external background
field but in the discussion of the energy-momentum tensor for generally covariant field
theories may acquire a dynamical character. Using the induced volume form, this allows
us to express Lagrangians Lˆ in terms of Lagrangian functions L instead of Lagrangian
densities L and to reinterpret (n − 1)-forms, such as the various types of currents
discussed in the previous section, as vector fields and (n − 2)-forms as bivector fields.
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It also allows us to rewrite various important formulas of Sect. 3.3 in a more covariant
form, which will turn out to facilitate the following discussion. The main ingredient for
this conversion is the standard fact that if, locally on M , the Zµ are the components
of a vector field, then the
√| det g|Zµ are the components of an (n− 1)-form, and
∂µ
(√
| det g| Zµ
)
=
√
| det g| ∇µZµ . (185)
Now for example, the definition of the action SK over a compact subset K of M
(cf. eqs (78) and (80)) reads
SK [ϕ] =
∫
K
dnx
√
| det g| L(ϕ, ∂ϕ) . (186)
while conversion of eq. (85) gives the definition of the variational derivative or Euler-
Lagrange derivative of L, whose vanishing once again expresses the equations of motion.
Explicitly, we have
δL
δϕi
=
1√| det g|
(
∂ (
√| det g|L)
∂ϕi
− ∂µ
(
∂ (
√| det g|L)
∂ ∂µϕi
))
. (187)
Unfortunately, this formula is rarely useful, but simpler expressions in terms of fully
covariant quantities can only be derived under additional assumptions on the nature
of the field ϕ that allow us to perform an appropriate change of variables, replacing
the ordinary partial derivatives of ϕ in the argument (ϕ, ∂ϕ) of the Lagrangian by
other, more natural variables. (A typical example is provided by linear matter fields
which are sections of some tensor or spinor bundle of M or its tensor product with
some other “internal” vector bundle: it is then natural to replace (ϕ, ∂ϕ) by (ϕ,∇ϕ)
or (ϕ,Dϕ). Other examples are gauge fields, where one replaces (A, ∂A) by (A,F ),
and the metric tensor, where one replaces (g, ∂g) by (g,Γ); we shall deal with these
two cases in more detail at the end of Sect. 4.1 and 4.2, respectively.) Next, conversion
of eqs. (93) and (94) shows that the variation of SK under an infinitesimal G-bundle
automorphism X can be written in the form
δXSK [ϕ] =
∫
K
dnx
√
| det g|
(
δL
δϕi
δXϕ
i + ∇µ 〈j µcan , X〉(ϕ, ∂ϕ)
)
, (188)
where now
〈j µcan , X〉(ϕ, ∂ϕ) = LXµ +
∂L
∂ ∂µϕi
δXϕ
i . (189)
Similarly, conversion of eq. (97) leads to the following version of the relation between
the canonical and the improved total Noether current:
j µimp(X;ϕ, ∂ϕ) = 〈j µcan , X〉(ϕ, ∂ϕ) + ∇ν jµνcor(X;ϕ, ∂ϕ) . (190)
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It should be noted that the covariant divergence of the second term vanishes identically
because, for any bivector field α on M ,
2∇µ∇ν αµν = [∇µ,∇ν ]αµν = Rµκµν ακν + Rνκµν αµκ = 0 .
Therefore, covariant conservation of the improved total Noether current is equivalent
to covariant conservation of the canonical total Noether current, so that we may refor-
mulate eq. (188) above in the form
δXSK [ϕ] =
∫
K
dnx
√
| det g|
(
δL
δϕi
δXϕ
i + ∇µ j µimp(X;ϕ, ∂ϕ)
)
. (191)
If X is an infinitesimal symmetry of the Lagrangian, then this expression must vanish,
and since K was arbitrary, we obtain an equation for the integrand:
δL
δϕi
δXϕ
i + ∇µ j µimp(X;ϕ, ∂ϕ) = 0 . (192)
In what follows, we shall perform a slight change of notation: rather than abbreviating
infinitesimal G-bundle automorphisms of E by a single letter such as X, we shall
represent them explicitly as pairs (XM , XE) of vector fields XM on M and XE on E,
which in turn are functionals of the pertinent symmetry generators, as already discussed
in Sect. 3.4.
Finally, it should be noted that the principles of the above construction continue
to prevail for higher order Lagrangian field theories: the first order hypothesis is not
really essential. This can be seen by direct inspection of the preceding arguments and
calculations in local coordinates: the partial integrations required to arrive at eq. (93)
of Sect. 3.3 and at eq. (188) above can without any problem be carried over to this
more general context, and the same goes for all the further partial integrations that
may be needed to obtain the improved total Noether current from the canonical one,
provided one uses an appropriately modified definition of the variational derivative and
of the canonical total Noether current. The main example of practical importance
are Lagrangians whose dependence on the metric tensor involves partial derivatives
up to second order; the explicit formula for the variational derivative with respect
to the metric tensor to be derived at the end of Sect. 4.2 will also cover this case.
But the global formulation of the Noetherian approach presented in Sect. 3.3, from
the identification of the proper geometric framework to the definition of the (canonical
or improved) total Noether currents, is of course adapted to a first order formalism;
it would be substantially more complicated for higher order Lagrangian field theories.
(For example, to begin with, one would have to replace the first order jet bundle used in
Sect. 3 by some higher order jet bundle.) However, there is almost nothing to be gained
by such a generalization, because the final outcome (as formulated in Theorem 4.1 and
Theorem 4.2 below) is exactly the same.
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4.1 Currents
Continuing the discussion of field theories with gauge invariance begun in Sect. 3.4
under the same heading, we now make use of the fact that standard gauge theories
normally contain a G-connection field A, which can be either external or dynamical: it
occupies a special status as the mediator of gauge interactions with all the other fields
appearing in the theory, collectively referred to as matter fields and now denoted by ϕ.
Mathematically, ϕ is a section of a G-bundle E over M which, as mentioned at the be-
ginning of this section, is assumed to be associated to some given principal G-bundle P
overM by means of a given action of G on its typical fiber Q, whereas A is a connection
form on P , that is, it is a section of the connection bundle CP of P . Therefore, the
analysis carried out in Sects 3.2-3.4 continues to apply, with E replaced by the fiber
product CP ×M E and with ϕ replaced by the pair (A,ϕ).
The dynamics of the theory is governed by a total Lagrangian L which, as already
stated in eq. (2), is assumed to be the sum of two terms, a “pure gauge field” part Lg
depending only on the connection form A and its first order partial derivatives but not
on the matter fields or their derivatives, and a “matter field part” Lm depending on
the matter fields and their first order partial derivatives as well as on the connection
form A and its first order partial derivatives:16
L(A, ∂A, ϕ, ∂ϕ) = Lg(A, ∂A) + Lm(A, ∂A, ϕ, ∂ϕ) . (193)
A standard additional hypothesis is that Lm depends on the connection form A and its
first order partial derivatives only through combinations constructed from the first order
covariant derivatives of the matter fields, and possibly also on the curvature form F :
Lm(A, ∂A, ϕ, ∂ϕ) = Lm(ϕ,∇ϕ, F ) . (194)
Similarly, for the pure gauge field part, the usual hypothesis is that Lg depends on
the connection form A and its first order partial derivatives only through its curvature
form F :
Lg(A, ∂A) = Lg(F ) . (195)
The standard example is of course the Yang-Mills Lagrangian (180), but more compli-
cated polynomials in the curvature form also fit into this framework. (It should be noted
tbat there is one important exception, namely the Chern-Simons Lagrangian (184).)
In addition, the definition of these Lagrangians will depend on the choice of appropriate
G-invariant fiber metrics which, being invariant under strict G-bundle automorphisms,
can be regarded as fixed gauge invariant external background fields; among them is
the metric tensor g on space-time mentioned at the beginning of this section. (Again,
there is one important exception, namely the Chern-Simons Lagrangian (184), whose
16Thus the criterion for deciding whether a given term is to be included in Lg or in Lm is that all
terms not depending on the matter fields nor on their derivatives should be incorporated into Lg and
all others into Lm.
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definition does not require the choice of a metric on space-time. However, this will
change as soon as the Chern-Simons gauge field is coupled to matter fields.)
In passing, we note that Lm and Lg are often not given from the very beginning.
Rather, and this is the standard method for introducing gauge fields in particle physics,
one starts out from a field theory for matter fields alone whose Lagrangian L0m shows
invariance under some (compact connected) Lie group G acting as an internal global
symmetry group and then “gauges” this symmetry, i.e., extends this global symmetry to
a local one by introducing the adequate gauge fields and substituting, in the definition
of L0m, the ordinary derivatives by gauge covariant derivatives to obtain Lm; Lg is only
added in the last step.
Having identified which part of the total Lagrangian is to be considered as the matter
field Lagrangian, we proceed to study the consequences of its invariance under gauge
transformations. Infinitesimal gauge transformations ξ are sections of the vector bundle
P ×G g∗ over M ; they are represented on E and on Eˆ = CP ×M E by infinitesimal
strict G-bundle automorphisms (0, ξE) and (0, ξEˆ), respectively. Applying eq. (192)
with the abbreviation contained in eq. (119) (and suppressing the explicit indication of
the field dependence in order to simplify the notation), we see that gauge invariance of
the matter field Lagrangian implies
δLm
δAaµ
δξA
a
µ +
δLm
δϕi
δξϕ
i + ∇µ (jµa ξa) = 0 . (196)
Assuming that the matter fields satisfy the equations of motion, this leads us to the
following basic relation: 〈
δLm
δAµ
, δξAµ
〉
+ ∇µ 〈jµ, ξ〉 = 0 (197)
To calculate j explicitly, one would have to start out from the formula for jm,can
that follows directly from eq. (189),
〈j µm,can, ξEˆ〉 =
∂Lm
∂ ∂µAaν
δξA
a
ν +
∂Lm
∂ ∂µϕi
δξϕ
i , (198)
and compute jm,imp by partially integrating and discarding all resulting total diver-
gences, until all terms containing partial derivatives of ξ have disappeared. This can
be a cumbersome procedure, and the net result cannot be cast into a simple general
formula because the variation δξϕ
i of the matter fields under infinitesimal gauge trans-
formations (which also enters the definition of ξE and hence of ξEˆ in terms of ξ) depends
on their specific nature; only the variation of the connection form is known in general
(cf. eq. (156)):
δξAµ = −Dµξ . (199)
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Now there is one situation which is important in applications and is especially simple,
namely when a) Lm does not contain explicit curvature terms and hence depends only
on the connection form A but not on its derivatives and b) E is not only a fiber bundle
but in fact a vector bundle associated to P , so that
δξϕ
i = ξa (Ta)
i
j ϕ
j . (200)
In this case, there are no correction terms, and the improved current is equal to the
canonical one. However, it is easy to construct models where this is no longer so, for
example by including an explicit coupling between the curvature form F and a spinor
field ψ of the form
(ψ¯ [γµ, γν ]ψ, Fµν)
or by including nonlinear matter fields: a field ϕ taking values in an associated affine
bundle, rather than vector bundle, may already be sufficient to generate contributions
to δξϕ containing derivatives of ξ, as shown by the example of the connection form
itself.
Fortunately, the details of the construction of j following the strategy of improve-
ment, as described in the previous paragraph, are largely irrelevant: all that we shall
really need is eq. (197) above which, combined with the requirement that, as suggested
by the notation, the expression 〈jµ, ξ〉 should be F(M)-linear in ξ, we shall call the
ultralocality condition and which is easily shown to admit a unique solution. To see
this, let us apply eq. (199) to rewrite eq. (197) in the form
0 = −
〈
δLm
δAµ
, Dµξ
〉
+ ∇µ 〈jµ, ξ〉
=
〈
jµ − δLm
δAµ
, Dµξ
〉
+ 〈Dµjµ, ξ〉 ,
(201)
whereDµ applied to ξ denotes the gauge covariant derivative (Dµ = ∂µ+Aµ) and applied
to jµ denotes the gauge and space-time covariant derivative (Dµ = ∂µ+Aµ+Γµ). Using
the fact that the value of ξ and of its covariant derivatives at each point of space-time
can be chosen independently, we obtain two equations: one of them is eq. (3), which
is the relation we really wanted to prove, and the other is the covariant conservation
law17
Dµj
µ = 0 . (202)
17The term “covariant conservation law” traditionally used in this context is somewhat unfortunate
since vanishing of the covariant divergence of jµ does not describe the conservation of charge but rather
the exchange of charge between matter and the gauge field. (The main exception is electrodynamics,
where G is Abelian and hence covariant conservation of the current is a conservation law in the
traditional sense since the covariant divergence reduces to the ordinary one, in accordance with the
fact that the electromagnetic field itself carries no charge and hence there is no exchange of charge
between it and the matter fields.) In Yang-Mills theory, covariant conservation of the current is even
raised to the status of a consistency condition for the Yang-Mills equation (see eq. (206) below) whose
lhs has identically vanishing covariant divergence.
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The first of these relations again establishes uniqueness. To show existence, we turn
the argument around: using eq. (3) as a definition, we must prove eq. (202). But this
is an immediate consequence of gauge invariance of the matter field action. Indeed,
given an arbitrary infinitesimal gauge transformation ξ with compact support, take K
to be any compact subset of space-time containing the support of ξ and use eq. (188)
or (191) to calculate the variation of the matter field action Sm,K over K with respect
to X: this gives
δξSm,K =
∫
K
dnx
√
| det g|
(〈
δLm
δAµ
, δξAµ
〉
+
δLm
δϕi
δξϕ
i
)
= −
∫
K
dnx
√
| det g| 〈jµ, Dµξ〉
=
∫
K
dnx
√
| det g| 〈Dµjµ, ξ〉
where in the second step, we have used eqs (3) and (199) together with the equations
of motion for the matter fields, and in the last step, we have discarded the surface term
coming from the partial integration because it vanishes due to our support assumption.
Since this expression vanishes and X was arbitrary, eq. (202) follows.
We formulate this result as a theorem, continuing to use the term “on shell” to
indicate the restriction that the respective fields must satisfy their equations of motion.
Theorem 4.1 In first order Lagrangian field theories with gauge invariance, and after
splitting off the gauge field A from the matter field(s) ϕ, the (field dependent) improved
current j derived from the matter field Lagrangian Lm according to Def. 3.1 is the
physical current of the theory. Assuming the matter fields to be “on shell”, it is simply
given by the variational derivative of Lm with respect to the gauge field:
jµ =
δLm
δAµ
. (203)
Explicitly, this means that j is the vector field on space-time M with values in the dual
P×Gg∗ of the associated Lie algebra bundle P×Gg depending on the fields of the theory
which satisfies
δA
∫
K
dnx
√
| det g| Lm =
∫
K
dnx
√
| det g| 〈jµ, δAµ〉 (204)
for every compact subset K of M and every variation δAµ of the connection form with
support contained in K, where the integrand on the rhs of eq. (204) is understood to
contain no derivatives of δAµ (this requirement is, once again, the expression of an
implicit ultralocality principle).
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This theorem entails all the standard properties of the physical current. First of all,
it is clear that it depends only on the dynamical equivalence class of the matter field
Lagrangian, that is, j does not change when Lm is modified by the addition of a total
divergence (Lm → Lm + ∇µCµ) of an expression (Cµ) which is a local function of
the gauge field, simply because the addition of such a term does not affect the lhs of
eq. (204). Second, gauge invariance of the matter field action forces the current to
be covariantly conserved, as stated in eq. (202) and proved above, provided the matter
fields satisfy the equations of motion. (On the other hand, this conclusion is completely
independent of whether the gauge field satisfies any equations of motion.) Third, the
current is the source of the gauge field in the sense that if, as already stated in eq. (2),
the total Lagrangian L is the sum of the given matter field Lagrangian Lm and a gauge
field Lagrangian Lg depending only on the gauge field and its derivatives, then the
equations of motion for the gauge field will be
δLg
δAµ
= − jµ . (205)
In particular, if Lg is the Yang-Mills Lagrangian (180), these will be the Yang-Mills
field equations:
DνF
νµ = − jµ . (206)
(Note the extra sign on the rhs, which is opposite to the usual sign convention for the
current, e.g., in electrodynamics.) Of course, it seems tempting to also introduce a
“gauge field current” jg, given by
jµg =
δL g
δAµ
. (207)
In particular, if Lg is the Yang-Mills Lagrangian (180), this expression reads
jµg = DνF
νµ . (208)
Then the equations of motion for the gauge field imply (and in fact become identical
with) the statement that the total current jg + j vanishes “on shell”, as required by
the second Noether theorem. It must however be pointed out that this interpretation
is formal and has no deeper physical significance, since the expression in eq. (207)
or (208) above does not represent a physical current for the gauge fields. (Consider
electromagnetism, for example: it would seem weird to regard the divergence of the
electric field as a charge density for the electromagnetic field, given the fact that the
electromagnetic field carries no charge.)
Finally, it is instructive to give an explicit formula for the variational derivative
appearing in eq. (203) for the general case; this can be derived directly from eq. (204).
As mentioned before (see the comments following eq. (187)), the basic trick is to replace
the pair of variables (A, ∂A) by the pair of variables (A,F ), as indicated in eq. (194),
and use the fact that for any given variation δAµ of the connection form, we have
δFµν = Dµ δAν − Dν δAµ (209)
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for the induced variation of the curvature form. Using these relations, we obtain for any
given variation δAµ of the connection form with support contained in some compact
set K,
δA
∫
K
dnx
√
| det g| Lm
=
∫
K
dnx
√
| det g|
(〈
∂Lm
∂Aµ
, δAµ
〉
+
〈
∂Lm
∂Fνµ
, δFνµ
〉)
=
∫
K
dnx
√
| det g|
〈
∂Lm
∂Aµ
− 2Dν ∂Lm
∂Fνµ
, δAµ
〉
where we have discarded the surface term coming from the partial integration because
it vanishes due to our support assumption. As a result,
jµ =
δLm
δAµ
=
∂Lm
∂Aµ
− 2Dν ∂Lm
∂Fνµ
. (210)
The simplest class of matter field Lagrangians is of course formed by those that depend
only on the connection form A itself but not on its derivatives; many important exam-
ples belong to this class. In this case, the variational derivative in eq. (210) reduces to
an ordinary partial derivative:
jµ =
∂Lm
∂Aµ
. (211)
Moreover, choosing Lg to vanish will then force A to be a non-dynamical external field,
so that making A dynamical will require a non-trivial gauge field Lagrangian.
4.2 Energy-momentum tensor
Continuing the discussion of field theories with general covariance, or space-time diffeo-
morphism invariance, begun in Sect. 3.4 under the same heading, we now make use of
the fact that generally covariant field theories normally contain a metric tensor field g,
which can be either external or dynamical: it occupies a special status as the mediator
of gravitational interactions with all the other fields appearing in the theory, collectively
referred to as matter fields and now denoted by ϕ. (Of course, both gauge fields and
matter fields in the sense of the previous subsection are to be considered as matter fields
in this new sense.) Mathematically, ϕ is a section of a G-bundle E over M which, as
mentioned at the beginning of this section, is assumed to be associated to some given
principal G-bundle P over M by means of a given action of G on its typical fiber Q,
whereas g is a section of the symmetric second order tensor bundle
∨2
T ∗M of M .
Therefore, the analysis carried out in Sects 3.2-3.4 continues to apply, with E replaced
by the fiber product
∨2
T ∗M ×M E and with ϕ replaced by the pair (g, ϕ).
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The dynamics of the theory is governed by a total Lagrangian L which, as already
stated in eq. (4), is assumed to be the sum of two terms, a “purely gravitational”
part Lg depending only on the metric tensor g and its first and second order partial
derivatives but not on the matter fields or their derivatives, and a “matter field part”
Lm depending on the matter fields and their first order partial derivatives as well as on
the metric tensor g and its first and second order partial derivatives:18
L(g, ∂g, ∂2g, ϕ, ∂ϕ) = Lg(g, ∂g, ∂
2g) + Lm(g, ∂g, ∂
2g, ϕ, ∂ϕ) . (212)
A standard additional hypothesis is that Lm depends only on the metric tensor g and
its first order partial derivatives, and only through combinations constructed from g
itself and the first order covariant derivatives of the matter fields:
Lm(g, ∂g, ϕ, ∂ϕ) = Lm(g, ϕ,∇ϕ) . (213)
However, it will be important to also consider the more general case in which Lm
is allowed to depend on the metric tensor g and its first and second order partial
derivatives through additional terms involving the Riemann curvature tensor R:
Lm(g, ∂g, ∂
2g, ϕ, ∂ϕ) = Lm(g,R, ϕ,∇ϕ) . (214)
Similarly, for the purely gravitational part, the usual hypothesis is that Lg depends
on the metric tensor g and its first and second order partial derivatives only through
combinations constructed from g itself and the Riemann curvature tensor R:
Lg(g, ∂g, ∂
2g) = Lg(g,R) . (215)
The standard example is of course the Einstein-Hilbert Lagrangian (181), but more com-
plicated polynomials in the curvature tensor also fit into this framework. In addition,
the definition of these Lagrangians will depend on the choice of appropriate G-invariant
fiber metrics which, being invariant under G-bundle automorphisms – strict as well as
non-strict – can be regarded as fixed gauge and space-time diffeomorphism invariant
external background fields.
In passing, we note that Lm and Lg are often not given from the very beginning.
Rather, and this is the standard method for handling matter fields when passing from
special to general relativity, one starts out from a field theory for matter fields with a
Lagrangian L0m on Minkowski space-time and “gauges” this metric structure by sub-
stituting, in the definition of L0m, contractions with the flat Minkowski metric tensor
by contractions with a general metric tensor and ordinary derivatives by space-time
covariant derivatives (that is, covariant derivatives with respect to the corresponding
Levi-Civita connection) to obtain Lm; Lg is only added in the last step.
Another important point to be observed is that matter field Lagrangians of the
form (214) are of course of second order and therefore not directly covered by a first
18See Footnote 16.
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order Lagrangian formalism, whereas matter field Lagrangians of the form (213) are.
(Similarly, Lagrangians of the form (215) for the purely gravitational part, among them
the Einstein-Hilbert Lagrangian, are also of second order.) But as has already been
announced before, all arguments and calculations to be presented in what follows are
equally valid in the more general case; the reader is invited to verify this, step by step,
as we go along.
Having identified which part of the total Lagrangian is to be considered as the
matter field Lagrangian, we proceed to study the consequences of its invariance under
space-time diffeomorphisms. Infinitesimal space-time diffeomorphisms X are simply
vector fields on M ; they are represented on E and on Eˆ =
∨2
T ∗M ×M E by infinites-
imal G-bundle automorphisms (X,XE) and (X,XEˆ), respectively, where some kind of
lifting procedure at the infinitesimal level, as described in Sect. 3.4, has been invoked.
Applying eq. (192) with the abbreviation contained in eq. (123) (and suppressing the
explicit indication of the field dependence in order to simplify the notation), we see
that general coordinate invariance of the matter field Lagrangian implies
δLm
δgµν
δXgµν +
δLm
δϕi
δXϕ
i + ∇µ (T µν Xν) = 0 . (216)
Assuming that the matter fields satisfy the equations of motion, this leads us to the
following basic relation:
δLm
δgµν
δXgµν + ∇µ (T µν Xν) = 0 (217)
To calculate T explicitly, one would have to start out from the formula for jm,can
that follows directly from eq. (189),
〈j µm,can, XEˆ〉 = LmXµ +
∂Lm
∂ ∂µgκλ
δXgκλ +
∂Lm
∂ ∂µϕi
δXϕ
i , (218)
and compute jm,imp by partially integrating and discarding all resulting total diver-
gences, until all terms containing partial derivatives of X have disappeared. This can
be a cumbersome procedure, and the net result cannot be cast into a simple general
formula because the variation δXϕ
i of the matter fields under infinitesimal space-time
diffeomorphisms (which also enters the definition of XE and hence of XEˆ in terms of X)
depends on their specific nature; only the variation of the metric tensor is known in
general:
δXgµν = ∇µXν + ∇νXµ . (219)
Now there is one situation which is important in applications and is especially simple,
namely when all matter fields are scalars. In this case, Lm will not contain Christoffel
symbols and hence depends only on the metric tensor g but not on its derivatives, while
according to eq. (64),
δXϕ
i = −Xµ ∂µϕi . (220)
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Therefore, there are no correction terms, and the improved energy-momentum tensor
is equal to the canonical one. However, in the majority of physically relevant models –
beginning with standard electrodynamics – this is no longer so, simply because most
of them contain tensor or spinor fields on which space-time diffeomorphisms act non-
trivially so that the first term in eq. (64) no longer vanishes and contains derivatives
of X (corresponding to the Lie derivative of ϕi along X) that must be removed by
partial integration.
Fortunately, the details of the construction of T following the strategy of improve-
ment, as described in the previous paragraph, are largely irrelevant: all that we shall
really need is eq. (217) above which, combined with the requirement that, as suggested
by the notation, the expression T µνXν should be F(M)-linear in X, we shall call the
ultralocality condition and which is easily shown to admit a unique solution. To see
this, let us apply eq. (219) to rewrite eq. (217) in the form
0 = 2
δLm
δgµν
∇µXν + ∇µ (T µνXν)
=
(
T µν + 2
δLm
δgµν
)
∇µXν +
(∇µT µν)Xν . (221)
Using the fact that the value of X and of its covariant derivatives at each point of space-
time can be chosen independently, we obtain two equations: one of them is eq. (5) (the
relation we wanted to prove originally) and the other is the covariant conservation law19
∇µT µν = 0 . (222)
The first of these relations again establishes uniqueness. To show existence, we turn
the argument around: using eq. (5) as a definition, we must prove eq. (222). But this is
an immediate consequence of general coordinate invariance of the matter field action.
Indeed, given an arbitrary vector field X onM with compact support, together with an
infinitesimal G-bundle automorphism XE of E covering X, take K to be any compact
subset of space-time containing the support of X and use eq. (188) or (191) to calculate
the variation of the matter field action Sm,K over K with respect to X: this gives
δXSm,K =
∫
K
dnx
√
| det g|
(
δLm
δgµν
δXgµν +
δLm
δϕi
δXϕ
i
)
= −
∫
K
dnx
√
| det g| T µν ∇µXν
=
∫
K
dnx
√
| det g| (∇µT µν)Xν
19The term “covariant conservation law” traditionally used in this context is somewhat unfortunate
since vanishing of the covariant divergence of Tµν does not describe the local conservation of energy and
momentum but rather the exchange of energy and momentum between matter and the gravitational
field. In general relativity, covariant conservation and symmetry of the energy-momentum tensor are
even raised to the status of a consistency condition for the Einstein equation (see eq. (226) below)
whose lhs is automatically symmetric and has identically vanishing covariant divergence.
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where in the second step, we have used eqs (5) and (219) together with the equations
of motion for the matter fields, and in the last step, we have discarded the surface term
coming from the partial integration because it vanishes due to our support assumption..
Since this expression vanishes and X was arbitrary, eq. (222) follows.
We formulate this result as a theorem, continuing to use the term “on shell” to
indicate the restriction that the respective fields must satisfy their equations of motion.
Theorem 4.2 In generally covariant first order Lagrangian field theories, and after
splitting off the metric tensor field g from the matter field(s) ϕ, the (field dependent)
improved energy-momentum tensor T derived from the matter field Lagrangian Lm
according to Def. 3.2 is the physical energy-momentum tensor of the theory. Assuming
the matter fields to be “on shell”, it is simply given by the variational derivative of Lm
with respect to the metric tensor:
T µν = − 2 δLm
δgµν
. (223)
Explicitly, this means that T is the rank 2 tensor field on space-time M depending on
the fields of the theory which satisfies
δg
∫
K
dnx
√
| det g| Lm = − 12
∫
K
dnx
√
| det g| T µν δgµν (224)
for every compact subset K of M and every variation δgµν of the metric tensor with
support contained in K, where the integrand on the rhs of eq. (224) is understood
to contain no derivatives of δgµν (this requirement is, once again, the expression of
an implicit ultralocality principle). The same statement also holds if the matter field
Lagrangian Lm is allowed to depend on second order partial derivatives of the metric
tensor, e.g., through explicit curvature terms as in eq. (214) instead of eq. (213).
This theorem entails all the standard properties of the physical energy-momentum
tensor. First of all, it is clear that it depends only on the dynamical equivalence class
of the matter field Lagrangian, that is, T does not change when Lm is modified by the
addition of a total divergence (Lm → Lm + ∇µCµ) of an expression (Cµ) which is a
local function of the metric tensor, simply because the addition of such a term does
not affect the lhs of eq. (224). Second, general coordinate invariance of the matter field
action forces the energy-momentum tensor to be covariantly conserved, as stated in
eq. (222) and proved above, provided the matter fields satisfy the equations of motion.
(On the other hand, this conclusion is completely independent of whether the metric
tensor satisfies any equations of motion.) Third, the current is the source of gravity in
the sense that if, as already stated in eq. (4), the total Lagrangian L is the sum of the
given matter field Lagrangian Lm and a gravitational Lagrangian Lg depending only
on the metric tensor and its derivatives, then the equations of motion for the metric
tensor will be
2
δLg
δgµν
= T µν . (225)
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In particular, if Lg is the Einstein-Hilbert Lagrangian (181), these will be the Einstein
field equations:
Gµν − Λ gµν ≡ Rµν − 12 gµνR − Λ gµν = Tµν . (226)
Of course, it seems tempting to also introduce a “gravitational energy-momentum
tensor” Tg by setting
T µνg = − 2
δLg
δgµν
. (227)
In particular, if Lg is the Einstein-Hilbert Lagrangian (181), this expression reads
T µνg = − Gµν + Λ gµν ≡ −
(
Rµν − 12 gµνR
)
+ Λ gµν . (228)
Then the equations of motion for the metric tensor imply (and in fact become identical
with) the statement that the total energy-momentum tensor Tg+ T vanishes “on shell”,
as required by the second Noether theorem. It must however be pointed out that this
interpretation is formal and has no deeper physical significance, since the expression in
eq. (227) or (228) above does not represent a physical energy-momentum tensor for the
gravitational field: as is well known, such an object does not exist.
Finally, it is instructive to give an explicit formula for the variational derivative
appearing in eq. (223) for the general case; this can be derived directly from eq. (224).
As mentioned before (see the comments following eq. (187)), the basic trick is to replace
the pair of variables (g, ∂g) by the pair of variables (g,Γ), as indicated in eq. (213), or
more generally the triplet of variables (g, ∂g, ∂2g) by the triplet of variables (g,Γ, R), as
indicated in eq. (214), and use the fact that for any given variation δgµν of the metric
tensor, we have
δgµν = − gµκ gνλ δgκλ (229)
for the induced variation of the inverse metric tensor,
δ
√
| det g| = 1
2
√
| det g| gµν δgµν (230)
for the induced variation of the metric determinant,
δΓκµλ =
1
2
gκν
(
∇µ δgλν + ∇λ δgµν − ∇ν δgµλ
)
(231)
for the induced variation of the Christoffel symbols and
δR κλµν = ∇µ δΓκλν − ∇ν δΓκλµ (232)
for the induced variation of the Riemann curvature tensor. Using these relations, we
obtain for any given variation δgµν of the metric tensor with support contained in some
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compact set K,
δg
∫
K
dnx
√
| det g| Lm
=
∫
K
dnx
√
| det g|
(
1
2
gµν Lm δgµν +
∂Lm
∂gµν
δgµν +
∂Lm
∂Γκµν
δΓκµν +
∂Lm
∂R κλµν
δR κλµν
)
=
∫
K
dnx
√
| det g|
(
1
2
gµν Lm δgµν +
∂Lm
∂gµν
δgµν
+ 1
2
gκλ
(
∂Lm
∂Γκµν
+ ∇ρ ∂Lm
∂R κµνρ
+ ∇ρ ∂Lm
∂R κνµρ
)
×
(
∇µ δgνλ + ∇ν δgµλ − ∇λ δgµν
))
=
∫
K
dnx
√
| det g|
(
1
2
gµν Lm δgµν +
∂Lm
∂gµν
δgµν
− 1
2
[
gκµ∇λ
(
∂Lm
∂Γκλν
+ ∇ρ ∂Lm
∂R κλνρ
+ ∇ρ ∂Lm
∂R κνλρ
)
+ gκν ∇λ
(
∂Lm
∂Γκµλ
+ ∇ρ ∂Lm
∂R κµλρ
+ ∇ρ ∂Lm
∂R κλµρ
)
− gκλ∇λ
(
∂Lm
∂Γκµν
+ ∇ρ ∂Lm
∂R κµνρ
+ ∇ρ ∂Lm
∂R κνµρ
)]
δgµν
)
where we have discarded all surface terms coming from the partial integrations because
they vanish due to our support assumption. As a result,
T µν = − 2 ∂Lm
∂gµν
− gµνLm
+ ∇λ
(
gκµ
∂Lm
∂Γκλν
+ gκν
∂Lm
∂Γκλµ
− gκλ ∂Lm
∂Γκµν
)
+ ∇ρ∇σ
(
gκµ
∂Lm
∂R κρνσ
+ gκµ
∂Lm
∂R κνρσ
+ gκν
∂Lm
∂R κρµσ
+ gκν
∂Lm
∂R κµρσ
− gκρ ∂Lm
∂R κµνσ
− gκρ ∂Lm
∂R κνµσ
)
(233)
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The simplest class of matter field Lagrangians is of course formed by those that depend
only on the metric tensor g itself but not on its derivatives; many important examples
belong to this class. In this case, the variational derivative in eq. (223) reduces to an
ordinary partial derivative, plus the contribution from the metric determinant:
T µν = − 2 ∂Lm
∂gµν
− gµνLm . (234)
Moreover, choosing Lg to vanish will then force g to be a non-dynamical external field,
so that making g dynamical will require a non-trivial gravitational Lagrangian.
4.3 Calculation of the energy-momentum tensor
In this final subsection, we want to present a series of examples for the calculation of
the physical energy-momentum tensor, based on the result formulated in Theorem 4.2,
devoting special attention to two cases that are physically relevant but do not fit into the
standard framework: a) Lagrangians containing an explicit coupling between curvature
and a scalar field and b) Dirac type Lagrangians for spinor fields. In both cases, the
prescription of Theorem 4.2 does provide the correct answer, but some of the arguments
required are far from straightforward and, to our knowledge, are scattered across the
literature.
We begin with the case of a multiplet of scalar fields, with either linearly or non-
linearly realized internal symmetry, whose Lagrangian is one of the expressions given in
eqs (175)-(178). In all these cases, the variational derivative with respect to the metric
tensor is simply given by eq. (234), so we can use the formula
∂gµν
∂gκλ
= − 1
2
(
gµκgνλ + gµλgνκ
)
(235)
(which follows from the fact that the matrix (gµν) is defined to be the inverse of the
matrix (gµν)) to rewrite eq. (234) in the equivalent form
Tµν = 2
∂Lm
∂gµν
− gµνLm . (236)
The same statement holds for gauge fields subject to the Yang-Mills Lagrangian (180),
including as a special case that of the electromagnetic field. The (standard) results of
these calculations are listed in Table 1.
As our second example, which will become important in the next section, we consider
again the theory of a single real scalar field ϕ but with a modified Lagrangian which is
the sum
LMSC = LRSC + LCC (237)
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of the standard Lagrangian
LRSC =
1
2
gµν ∂µϕ ∂νϕ − U(ϕ) (238)
for the real scalar field and a new term
LCC = Rf(ϕ) (239)
describing an additional coupling of the scalar field to the Ricci scalar curvature R,
where f is some (unspecified) smooth function of its argument. The corresponding
equation of motion reads
ϕ + U ′(ϕ) − Rf ′(ϕ) = 0 (240)
where  is the pertinent covariant wave operator:
 = gµν ∇µ∇ν . (241)
To calculate the energy-momentum tensor for this Lagrangian, application of eq. (233)
is less convenient than invoking a direct approach which follows the strategy used for
deriving the Einstein field equations from the Einstein-Hilbert Lagrangian. To deal
with the most difficult term first, note that for any given variation δgµν of the metric
tensor with support contained in some compact set K, eqs (229)-(232) imply that the
trace of the induced variation of the Ricci tensor is given by
gµν δRµν =
(
gµν  − ∇µ∇ν
)
δgµν . (242)
Therefore, the term Rf(ϕ) gives the following contribution to the lhs of eq. (224)
δg
∫
K
dnx
√
| det g| Rf(ϕ)
=
∫
K
dnx
√
| det g|
(
1
2
gµν δgµν Rf(ϕ) + δg
µνRµν f(ϕ) + g
µν δRµν f(ϕ)
)
=
∫
K
dnx
√
| det g|
((
gµν  − ∇µ∇ν
)
f(ϕ) +
(
Rµν − 12 gµνR
)
f(ϕ)
)
δgµν
where we have discarded the surface terms coming from the partial integrations because
they vanish due to our support assumptions. Thus the energy-momentum tensor for
this theory is the sum
TMSCµν = T
RSF
µν + T
CC
µν (243)
of the standard energy-momentum tensor
TRSCµν = ∂µϕ ∂νϕ − 12 gµν gκλ ∂κϕ ∂λϕ + gµν U(ϕ) (244)
for the real scalar field and a new term
TCCµν = 2
(
gµν  − ∇µ∇ν
)
f(ϕ) + 2
(
Rµν − 12 gµνR
)
f(ϕ) (245)
coming from the additional coupling of the scalar field to the curvature; this result is
also included in Table 1.
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Our third and most complicated example is the theory of Dirac spinors. Here,
we face a new conceptual problem concerning the interpretation of the prescription
of Theorem 4.2 for computing the energy-momentum tensor, according to eqs (223)
and (224). As we have seen, these relations may be regarded as defining the energy-
momentum tensor to be the entity describing the reaction of the matter field Lagrangian
to variations of the metric, where it is tacitly understood that variations of the metric
should be variations of the metric only, that is, the matter fields should be held fixed
in this process.20 Of course, this is an unambiguous rule as long as all the matter fields
are tensor fields, but it is not clear “a priori” how to interpret it for spinor fields, whose
very definition presupposes the choice of a metric. In fact, spinor fields are sections
of a spinor bundle, obtained as an associated vector bundle from the bundle of spin
frames (also called a spin structure) which in turn is a double covering of the bundle of
(oriented and time-oriented) orthonormal frames: all these bundles depend explicitly
on the metric. Generally speaking, we may state that fixing fields which are sections of
bundles over space-time means fixing their components with respect to some (and hence
any) fixed reference frame. For tensor fields, we may use a holonomic frame, induced by
a coordinate system, but for spinor fields, we do not have this option: components of
spinor fields refer to spin frames which cover (oriented and time-oriented) orthonormal
frames, and these cannot be held fixed when we vary the metric.
In this situation, the adequate procedure is to describe the metric tensor in terms of
linear frames, by specifying which of these are orthonormal, and similarly, to consider
variations of the metric tensor (such as those needed for the application of Theorem 4.2)
as being induced by corresponding variations of linear frames. Of course, it must then
be checked that physical quantities such as the energy-momentum tensor are invariant
under the new type of gauge transformations introduced by this method, namely the
local frame rotations that leave the metric tensor invariant. In local coordinates xµ
onM , the metric tensor is represented by a symmetric matrix of functions gµν (together
with the inverse matrix of functions gµν) as before, while a linear frame is represented
by a matrix of functions eaµ providing the coefficients of the expansion of the µ-th
coordinate basis vector in terms of the basis vectors of the frame (together with the
inverse matrix of functions eµa providing the coefficients of the expansion of the a-th
basis vector of the frame in terms of the coordinate basis vectors ∂µ). Thus we have
eaµ e
ν
a = δ
ν
µ , e
a
µ e
µ
b = δ
a
b (246)
and, for orthonormal frames,
gµν = ηab e
a
µ e
b
ν , g
µν = ηab eµa e
ν
b (247)
20In the definition of partial derivatives of functions on Rn given in standard calculus courses, the
necessity of specifying what variables are to be held fixed while varying the others is usually swept
under the rug, but it becomes an important issue when ambiguities may arise. For example, in the
definition of thermodynamical quantities through partial derivatives, it is important to specify what
are the other variables (apart from the one with respect to which the derivative is being taken) that
are supposed to be held fixed.
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where η is the standard flat space-time metric of the same signature as g. Next, we
use the explicit expression (161) for the Christoffel symbols, which are the connection
coefficients of the Levi-Civita connection on the tangent bundle with respect to a co-
ordinate frame, to derive an equally explicit expression for the connection coefficients
of the Levi-Civita connection on the tangent bundle with respect to an orthonormal
frame (or vector connection coefficients, for short):
Γµ,ab = − 12 eκa eλb
(
∂κgλµ − ∂λgκµ
)
− 1
2
(
ηac e
ν
b − ηbc eνa
)
∂µe
c
ν . (248)
(The corresponding formula for arbitrary linear frames would contain an additional
term of the form 1
2
eκa e
λ
b ∂µ
(
gκλ − ηcd ecκ edλ
)
.) This is easily shown by applying the
transformation law (155) for connection forms under gauge transformations,
Γaµb = e
a
κ Γ
κ
µλ e
λ
b − ∂µeaν eνb ,
which upon writing Γµ,ab ≡ ηacΓcµb and Γµ,κλ ≡ gκνΓνµλ takes the form
Γµ,ab = e
κ
a e
λ
b Γµ,κλ − ηac ∂µecν eνb .
Inserting eq. (161) and applying eq. (247) to the first of its three terms, we arrive at
eq. (248). The connection coefficients of the Levi-Civita connection on the spinor bundle
(or spinor connection coefficients, for short) are then given by the simple algebraic
formula
Γαµβ =
1
8
Γµ,ab [γ
a, γb]αβ (249)
where the γa and similarly the γa are the Dirac γ-matrices with respect to the pertinent
orthonormal frame, related to those with respect to the pertinent coordinate frame in
the obvious way:
γµ = e
a
µ γa , γ
µ = eµa γ
a . (250)
Turning to variations, note first that differentiating eq. (246) gives
δeaµ e
ν
a = − eaµ δeνa , δeaµ eµb = − eaµ δeµb , (251)
while differentiating eq. (247) gives the variation of the metric tensor induced by a
variation of frames
δgµν = ηab
(
δeaµ e
b
ν + e
a
µ δe
b
ν
)
, δgµν = ηab (δeµa e
ν
b + e
µ
a δe
ν
b ) . (252)
The induced variation of the Christoffel symbols is then given by eq. (231), while that
of the vector connection coefficients is given by
δΓµ,ab = − 12 eκa eλb
(
∇κ δgλµ − ∇λ δgκµ
)
− 1
2
(
ηac e
ν
b − ηbc eνa
)
∇µ δecν , (253)
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where the covariant derivatives are defined as usual, namely by
∇µ δgκλ = ∂µ δgκλ − Γνµκ δgνλ − Γνµλ δgκν , (254)
and
∇µ δeaν = ∂µ δeaν + Γaµb δebν − Γκµν δeaκ , (255)
respectively. (With the same definition, the covariant derivatives of the unvaried ex-
pressions, ∇µgκλ and ∇µeaν , are easily seen to vanish.) The proof of eq. (253) requires
a short calculation:
δΓµ,ab = − 12 eκa eλb
(
∂κ δgλµ − ∂λ δgκµ
)
− 1
2
(
δeκa e
λ
b + e
κ
a δe
λ
b
)(
∂κ gλµ − ∂λ gκµ
)
− 1
2
(
ηac e
ν
b − ηbc eνa
)
∂µ δe
c
ν
− 1
2
(
ηac δe
ν
b − ηbc δeνa
)
∂µe
c
ν
= − 1
2
eκa e
λ
b
(
∇κ δgλµ − ∇λ δgκµ
)
− 1
2
eκa e
λ
b
(
Γνκλ δgνµ + Γ
ν
κµ δgλν − Γνλκ δgνµ − Γνλµ δgκν
)
− 1
2
(
δeκa e
λ
b + e
κ
a δe
λ
b
)(
gλν Γ
ν
κµ + gµν Γ
ν
κλ − gκν Γνλµ − gµν Γνλκ
)
− 1
2
(
ηac e
ν
b − ηbc eνa
)
∇µ δecν
+ 1
2
(
ηac e
ν
b − ηbc eνa
)(
Γcµd δe
d
ν − Γλµν δecλ
)
+ 1
2
(
ηac e
κ
d δe
d
ν e
ν
b − ηbc eκd δedν eνa
)
∂µe
c
κ
= − 1
2
eκa e
λ
b
(
∇κ δgλµ − ∇λ δgκµ
)
− 1
2
(
ηac e
ν
b − ηbc eνa
)
∇µ δecν
− 1
2
ηcd e
κ
a e
λ
b
(
Γνκµ
(
δecλ e
d
ν + e
c
λ δe
d
ν
)− Γνλµ (δecκ edν + ecκ δedν))
− 1
2
ηcd
(
δeκa e
λ
b + e
κ
a δe
λ
b
)(
ecλ e
d
ν Γ
ν
κµ − ecκ edν Γνλµ
)
+ 1
2
(
ηac e
ν
b − ηbc eνa
)(
ecκ Γ
κ
µλ e
λ
d δe
d
ν − ∂µecκ eκd δedν − Γλµν δecλ
)
+ 1
2
(
ηac e
ν
b − ηbc eνa
)
edκ δe
d
ν ∂µe
c
κ
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= − 1
2
eκa e
λ
b
(
∇κ δgλµ − ∇λ δgκµ
)
− 1
2
(
ηac e
ν
b − ηbc eνa
)
∇µ δecν
− 1
2
ηcd e
κ
a e
λ
b e
d
ν Γ
ν
κµ δe
c
λ︸ ︷︷ ︸
1
− 1
2
ηbd e
κ
a Γ
ν
κµ δe
d
ν︸ ︷︷ ︸
3
+ 1
2
ηcd e
κ
a e
λ
b e
d
ν Γ
ν
λµ δe
c
κ︸ ︷︷ ︸
2
+ 1
2
ηad e
λ
b Γ
ν
λµ δe
d
ν︸ ︷︷ ︸
3
− 1
2
ηbd e
d
ν Γ
ν
κµ δe
κ
a︸ ︷︷ ︸
4
− 1
2
ηcd e
κ
a e
c
λ e
d
ν Γ
ν
κµ δe
λ
b︸ ︷︷ ︸
1
+ 1
2
ηcd e
λ
b e
c
κ e
d
ν Γ
ν
λµ δe
κ
a︸ ︷︷ ︸
2
+ 1
2
ηad e
d
ν Γ
ν
λµ δe
λ
b︸ ︷︷ ︸
4
+ 1
2
(
ηac e
ν
b − ηbc eνa
)(
ecκ Γ
κ
µλ e
λ
d δe
d
ν︸ ︷︷ ︸
4
− Γλµν δecλ︸ ︷︷ ︸
3
)
Next, we note that a general frame variation δeaµ may be naturally decomposed into
two parts: a “symmetric part” δ+eaµ that by itself produces the induced variation of
the metric and an “antisymmetric part” δ−eaµ that preserves the metric:
δeaµ = δ
+eaµ + δ
−eaµ , δ
±eaµ =
1
2
(
δeaµ ∓ ηab gµν δeνb
)
. (256)
Indeed, this gives
δ±gµν = ηab
(
δ±eaµ e
b
ν + e
a
µ δ
±ebν
)
= 1
2
ηab
(
δeaµ e
b
ν ∓ ηac gµκ δeκc ebν + eaµ δebν ∓ ηbd gνλ eaµ δeλd
)
= 1
2
ηab δe
a
µ e
b
ν ± 12 gµκ eκb δebν + 12 ηab eaµ δebν ± 12 gνλ δeaµ eλa ,
that is,
δ+gµν = δgµν , δ
−gµν = 0 . (257)
Similarly, we compute
ηab eνb δgµν = η
ab eνb ηcd
(
δecµ e
d
ν + e
c
µ δe
d
ν
)
= δeaµ + η
ab ηcd e
c
µ e
ν
b δe
d
ν
= δeaµ − ηab ηcd ecµ edν δeνb ,
showing that the symmetric part of the frame variation is completely determined by
the variation of the metric:
δ+eaµ =
1
2
ηab eνb δgµν . (258)
On the other hand, defining Λab = e
µ
b δ
−eaµ or more explicitly,
Λab =
1
2
(
eµb δe
a
µ − ηac ηbd eµc δedµ
)
, (259)
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and Λab ≡ ηacΛcb or more explicitly,
Λab =
1
2
(
ηac e
µ
b − ηbc eµa
)
δecµ , (260)
we obtain
δ−eaµ = Λ
a
b e
µ
b , (261)
showing that the antisymmetric part of the frame variation corresponds to a local frame
rotation. We also note that the induced variation of connection coefficients for the Levi-
Civita connection admits the same kind of decomposition. For the Christoffel symbols,
the variation induced by a frame variation is obviously of the purely symmetric type
(δ+Γκµλ = δΓ
κ
µλ , δ
−Γκµλ = 0) while for the vector connection coefficients, the decompo-
sition is precisely the one given by the two terms in eq. (253), since in this equation,
the second term is easily seen to vanish when δ−eaµ = 0 whereas the first term vanishes
according to eq. (257) when δ+eaµ = 0. Thus
δ+Γµ,ab = − 12 eκa eλb
(
∇κ δgλµ − ∇λ δgκµ
)
, (262)
δ−Γµ,ab = − ∇µΛab = − 12
(
ηac e
ν
b − ηbc eνa
)
∇µ δecν . (263)
In passing, we note that the decomposition described above has a global, coordinate
and frame independent meaning, which can be understood by observing that locally,
i.e., over appropriate open subsets of a manifold M , a linear frame field e for M is a
section of the linear frame bundle LM ofM and its variations δe are sections of the pull
back e∗(LM) of the vertical bundle V (LM) of LM to M by e. But LM is a principal
bundle with structure group GL(n,R) and hence, as a vector bundle over LM , V (LM)
is canonically isomorphic to the trivial vector bundle LM × gl(n,R) – a property that
is passed on to all of its pull backs. Therefore, the symmetric pair type decomposition
gl(n,R) = so(p, q)⊕ so⊥(p, q)
of the Lie algebra gl(n,R) into the subalgebra so(p, q) of antisymmetric matrices and the
complementary subspace so⊥(p, q) of symmetric matrices with respect to the standard
symmetric bilinear form η of signature (p, q),21 generated by the involution
θ : gl(n,R) −→ gl(n,R)
X 7−→ − η XTη ,
can be transferred to the fibers of any of these vector bundles and gives rise to the
decomposition of frame variations introduced above. (The argument can be extended,
from the infinitesimal to the global level, so as to provide an Iwasawa type decomposi-
tion for strict automorphisms of the linear frame bundle; we leave out the details since
they will not be needed here.)
21The notion of orthogonality used for this complement is that induced by the non-degenerate
symmetric bilinear form on gl(n,R) given by (X,Y ) 7→ tr (ηXT η Y ).
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Making use of this decomposition, we now fix the transformation law of purely
spinorial quantities, without ambiguity, by requiring them to transform according to
the pertinent standard transformation law under the local frame rotation provided by
the antisymmetric part alone. In other words, the symmetric part is to be discarded.
In order to implement this prescription explicitly, we first define the matrix Λ repre-
senting this local frame rotation in spinor space:
Λαβ =
1
8
Λab [γ
a, γb]αβ . (264)
Then for Dirac spinor fields,
δ+ψα = 0 , δ−ψα = Λαβ ψ
β (265)
Correspondingly, the variation of the orthonormal frame Dirac γ-matrices is given by
δ+γa = 0 , δ
−γa = − Λba γb + [Λ, γa ] ,
δ+γa = 0 , δ−γa = + Λab γ
b + [Λ, γa] ,
(266)
whereas the variation of the coordinate frame Dirac γ-matrices is given by
δ+γµ = 1
2
δgµν γν , δ
−γµ = [Λ, γµ ] ,
δ+γµ =
1
2
δgµν γ
ν , δ−γµ = [Λ, γµ] ,
(267)
These equations are consistent with the relation (250) between the two types of γ-
matrices and also with the basic Clifford algebra relations (cf. eq. (168)):
δ {γa, γb} = {δγa, γb} + {γa, δγb}
= − Λca {γc, γb} − Λcb {γa, γc} + {[Λ, γa ], γb} + {γa, [Λ, γb ]}
= − Λba − Λab + Λγaγb − γaΛγb + γbΛγa − γbγaΛ
+ γaΛγb − γaγbΛ + Λγbγa − γbΛγa
= 0
= 2 δηab ,
δ {γµ, γν} = {δγµ, γν} + {γµ, δγν}
= 1
2
δgµκ {γκ, γν} + 12 δgνκ {γµ, γκ} + {[Λ, γµ ], γν} + {γµ, [Λ, γν ]}
= δgµκ δ
κ
ν + δgνκ δ
κ
µ + Λγµγν − γµΛγν + γνΛγµ − γνγµΛ
+ γµΛγν − γµγνΛ + Λγνγµ − γνΛγµ
= 2 δgµν .
It is somewhat surprising that the variation of the commutators of the orthonormal
frame Dirac γ-matrices also vanish:
δ [γa, γb] = 0 , δ [γ
a, γb] = 0 . (268)
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Indeed,
δ [γa, γb] = [δγa, γb] + [γa, δγb]
= Λac [γ
c, γb] + Λbd [γ
a, γd] + [[Λ, γa], γb] + [γa, [Λ, γb]]
= Λcd
(
− ηac [γb, γd] + ηbc [γa, γd]
)
+ [Λ, [γa, γb]]
= 1
2
Λcd
(
− ηac [γb, γd] + ηad [γb, γc] + ηbc [γa, γd] − ηbd [γa, γc]
)
− 1
8
Λcd [[γ
a, γb], [γc, γd]]
= 0 ,
where we have made use of the identity expressing the fact that the commutators of
the orthonormal frame Dirac γ-matrices are, except for a factor 1
4
, the generators of
the Lie algebra so(p, q) in the spinor representation:
[[γa, γb], [γc, γd]] = − 4 ηac [γb, γd] + 4 ηad [γb, γc] + 4 ηbc [γa, γd] − 4 ηbd [γa, γc] . (269)
This implies that the variation of the spinor connection coefficients is essentially the
same as that of the vector connection coefficients given by eqs (253), (262) and (263):
δ+Γαµβ = − 116
(
∇κ δgλµ − ∇λ δgκµ
)
[γκ, γλ]αβ , (270)
δ−Γαµβ = − ∇µΛαβ = − 116
(
ηac e
ν
b − ηbc eνa
)
∇µ δecν [γa, γb]αβ . (271)
Now we can compute the variation of covariant derivatives of spinor fields: using that
∇µΛαβ = ∂µΛαβ + ΓαµγΛγβ − ΓγµβΛαγ , we get
δ
(∇µψα) = δ ∂µψα + δΓαµβ ψβ + Γαµγ δψγ
= ∂µ δ
−ψα + δ+Γαµβ ψ
β + δ−Γαµβ ψ
β + Γαµγ δ
−ψγ
= ∂µΛ
α
β ψ
α + Λαβ ∂µψ
β + δ+Γαµβ ψ
β − ∇µΛαβ ψβ + Γαµγ Λγβ ψβ
= Λαβ ∂µψ
β + Γγµβ Λ
α
γ ψ
β + δ+Γαµβ ψ
β
= Λαβ ∇µψβ + δ+Γαµβ ψβ
and hence
δ+
(∇µψα) = δ+Γαµβ ψβ , δ−(∇µψα) = Λαβ ∇µψβ . (272)
Therefore, the variation of a typical contribution to the kinetic term in the Dirac
Lagrangian (179) takes the form
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δ
(
ψ¯
↔
6∇χ
)
= δ
(
ψ¯ γµ∇µχ
)− δ (∇µψ γµ χ)
= + δψ γµ∇µχ + ψ¯ δγµ∇µχ + ψ¯ γµ δ
(∇µχ)
− δ (∇µψ) γµ χ − ∇µψ δγµ χ − ∇µψ γµ δχ
= − ψ¯Λ γµ∇µχ + 12 ψ¯ γν ∇µχ δgµν + ψ¯ [Λ, γµ] ∇µχ
+ ψ¯ γµ δ+Γµ χ + ψ¯ γ
µ Λ∇µχ
+ ψ¯ δ+Γµ γ
µ χ + ∇µψ Λ γµ χ − 12 ∇µψ γν χ δgµν − ∇µψ [Λ, γµ]χ
− ∇µψ γµ Λχ
= 1
2
ψ¯ γν
↔
∇µχ δgµν
− 1
16
(
∇κ δgλµ − ∇λ δgκµ
)
ψ¯
(
γµ [γκ, γλ] + [γκ, γλ] γµ
)
χ .
(For simplicity, we have omitted internal indices and suppressed the spinor indices;
moreover, we have used the fact that the Dirac γ-matrices are hermitean and hence
their commutators are antihermitean with respect to Dirac adjoint, so that, for example,
Λ¯ = −Λ and Γ¯µ = −Γµ.) Now the second term, which comes from the variation of
the Christoffel symbols, is actually zero because the expression γµ [γκ, γλ] + [γκ, γλ] γµ
is totally antisymmetric. Indeed, it is obviously antisymmetric in κ and λ but is also
antisymmetric in λ and µ because
γµ [γκ, γλ] + [γκ, γλ] γµ
= γµγκγλ − γµγλγκ + γκγλγµ − γλγκγµ
= 2 γµγκγλ − 2 gκλγµ + 2 gκλγµ − 2 γλγκγµ ,
and is antisymmetric in κ and µ because
γµ [γκ, γλ] + [γκ, γλ] γµ
= γµγκγλ − γµγλγκ + γκγλγµ − γλγκγµ
= − 2 γµγλγκ + 2 gκλγµ + 2 γκγλγµ − 2 gκλγµ .
Therefore, only the first term survives. Potential terms also give no contribution since
the variation of composite tensor fields is easily seen to be the expected one, namely
δ
(
ψ¯ γµ1 . . . γµrχ
)
= 1
2
r∑
i=1
ψ¯ γµ1 . . . γµi−1γνγµi+1 . . . γµrχ δg
µiν , (273)
and similarly,
δ
(
ψ¯ γa1 . . . γarχ
)
= − 1
2
r∑
i=1
ψ¯ γa1 . . . γai−1γbγai+1 . . . γarχ Λ
b
ai
, (274)
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so that for example,
δ
((
ψ¯ γµχ
) (
ψ¯ γµχ
))
= δ
(
ψ¯ γµχ
) (
ψ¯ γµχ
)
+
(
ψ¯ γµχ
)
δ
(
ψ¯ γµχ
)
= 1
2
(
ψ¯ γνχ
) (
ψ¯ γµχ
)
δgµν + 1
2
(
ψ¯ γµχ
) (
ψ¯ γνχ
)
δgµν
= 0 .
It is interesting to note that the transformation law of spinors under frame variations
postulated in eq. (265) above is completely fixed by requiring the isomorphism of algebra
bundles γ in eq. (166) to be equivariant under arbitrary linear frame transformations:
this means precisely that the transformation law of spinors should be fixed so as to
guarantee that all composite tensor fields which are bilinear in spinors should transform
as tensor fields do, namely according to eqs (273) and (274).
Having collected all the basic and nontrivial ingredients that are needed, computing
the energy-momentum tensor for the Dirac Lagrangian (179) is now a simple exercise;
the result can be found in Table 1.
Finally, we would like to mention an alternative approach to calculating the energy-
momentum tensor in theories where orthonormal frames are used in the construction
of the Lagrangian, provided that the resulting frame dependence of the Lagrangian
is ultimately an implicit one that can be reduced entirely to its dependence on the
underlying metric tensor; this will be the case if and only if the Lagrangian is gauge
invariant under local frame rotations. In this case, we can exploit eq. (247) together
with the chain rule for variational derivatives, which expresses the variational derivative
of Lm with respect to orthonormal frames in terms of that with respect to the metric
tensor through the formula
δLm
δeaµ
=
δLm
δgρσ
δgρσ
δeaµ
(275)
where of course
δgρσ
δeaµ
=
∂gρσ
∂eaµ
= ηab
(
δµρ e
b
σ + δ
µ
σ e
b
ρ
)
. (276)
A general proof of this chain rule can be given by arguing that it is the direct expression
of the chain rule for the functional derivative of the corresponding action functional.
An alternative, “purely finite-dimensional” proof can be given in the context of the
first order Lagrangian formalism exposed in Sect. 3.2, in the form of a chain rule
for the variational derivative under bundle homomorphisms E → F and their jet
extensions JE → JF ; we leave this to the reader. In this way, the fundamental
formula (5) defining the energy-momentum tensor can be rephrased as stating that
the mixed coordinate frame / orthonormal frame components T µa = ηabT
µνebν of the
energy-momentum tensor are given by
T µa = −
δLm
δeaµ
. (277)
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Field type Lagrangian and energy-momentum tensor
Real scalar field
(cf. eq. (175))
LRSC =
1
2
gµν (Dµϕ ,Dνϕ) − U(ϕ)
TRSCµν = (Dµϕ ,Dνϕ) − gµν LRSC
Complex scalar field
(cf. eq. (176))
LCSC = g
µν 〈Dµϕ ,Dνϕ〉 − U(ϕ)
TCSCµν = 〈Dµϕ ,Dνϕ〉 + 〈Dνϕ ,Dµϕ〉 − gµν LCSC
Generalized sigma model
(cf. eq. (177))
LGSM =
1
2
gµν (Dµϕ ,Dνϕ) − U(ϕ)
TGSMµν = (Dµϕ ,Dνϕ) − gµν LGSM
Ordinary sigma model
(cf. eq. (178))
LOSM =
1
2
gµν (∂µϕ , ∂νϕ)
TOSMµν = (∂µϕ , ∂νϕ) − gµν LOSM
Dirac spinor field
(cf. eq. (179))
LDSP =
i
2
gµν ψ¯ γµ
←→
Dνψ − U(ψ¯, ψ)
TDSPµν =
i
4
(
ψ¯ γµ
↔
Dν ψ + ψ¯ γν
↔
Dµψ
)
− gµν LDSP
Gauge field
(cf. eq. (180))
LYM = − 14 gµκ gνλ (Fµν , Fκλ)
TYMµν = − gκλ (Fµκ , Fνλ) − gµν LYM
Modified scalar field
with additional Rf(ϕ) term
(cf. eqs (237)–(239))
LMSC =
1
2
gµν ∂µϕ ∂νϕ − U(ϕ) + Rf(ϕ)
TMSCµν = ∂µϕ ∂νϕ − gµν LMSC
+ 2
(
gµν  − ∇µ∇ν + Rµν
)
f(ϕ)
Table 1: Lagrangians and energy-momentum tensors for various types of fields
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5 Scale Invariance and the Trace
of the Energy-Momentum Tensor
Over the last few decades, a great deal of attention has been devoted to two important
special classes of field theories that can be characterized by properties of their energy-
momentum tensor:
• conformal field theories, whose energy-momentum tensor is traceless,
• topological field theories, whose energy-momentum tensor vanishes.
Using this characterization as a definition of course raises two questions which are far
from trivial, namely how to construct, from a given Lagrangian, the correct energy-
momentum tensor to be used for deciding whether a concrete field theoretical model
does or does not fall into one of these classes, and also how to relate that construction
to symmetry properties of the Lagrangian, in the spirit of Noether’s theorem.
In what follows, we shall discuss this question for the case of conformal field theories,
elucidating the relationship that exists between “scale invariance”, which is often but
somewhat imprecisely also referred to as “conformal invariance”, and tracelessness of
the energy-momentum tensor. The analogous relationship between “diffeomorphism
invariance” and vanishing of the energy-momentum tensor is much simpler and will
therefore only be briefly commented at the end of the section.
The most pragmatic method for testing scale invariance of any given Lagrangian
in field theory is based on assigning to every field a scaling dimension such that the
contribution to the action coming from the standard kinetic term for that field becomes
scale invariant: it must then be verified whether the contributions to the action coming
from the various interaction terms are so as well. This will be the case if and only
if all terms in the Lagrangian have the same (composite) scaling dimension. In flat
space-time, this technique is well known from quantum field theory and there is no
difficulty in adapting it to classical field theory. Scale transformations are in this case
the dilatations D(λ) (λ > 0) given by
D(λ) : Rn −→ Rn
x 7−→ λx (278)
under which components of fields ϕ transform according to ϕ 7→ D(λ)ϕ with
(D(λ)ϕ)(x) = λ−dϕ ϕ(λ−1x) (279)
where dϕ is a real number called the scaling dimension of ϕ. (Cf. the discussion in
Sect. 2 ; in particular, the corresponding transformation law at the infinitesimal level
has been written down in eq. (20).) Note that the metric tensor, which in this framework
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is the flat background metric η of special relativity, is understood to be invariant under
dilatations and so can be viewed as having scaling dimension 0. It is also clear from
eq. (279) that if a field ϕ has scaling dimension dϕ, then all its partial derivatives
∂µϕ will have scaling dimension dϕ+1 : this means that the operator ∂µ itself must
carry scaling dimension 1. The same value must be attributed to gauge fields (G-
connections) in order to ensure that the covariant derivative Dµ becomes homogeneous
and carries the same scaling dimension as the ordinary derivative ∂µ. Moreover, the
scaling dimension of scalar fields and spinor fields is found by inspection of the kinetic
terms in the Lagrangians (175)–(179):
• Scalar fields have scaling dimension 1
2
(n−2) in the case of linearly realized internal
symmetry and scaling dimension 0 in the case of nonlinearly realized internal
symmetry, since there is then no reasonable nontrivial prescription for making
dilatations act on them.
• Spinor fields have scaling dimension 1
2
(n− 1).
The assignments thus obtained are summarized in the column labelled “SD” of Table 2
below. Further inspection of the Lagrangians (175)–(184) then reveals the following
possibilities for obtaining scale invariant actions:
• Scalar fields. In n=2 dimensions, the Lagrangians (175), (176), (177) and (178)
all yield scale invariant actions provided we suppose the potential U to vanish.
In n>2 dimensions, the Lagrangians (175) and (176) yield scale invariant actions
provided the potential U is homogeneous of degree 2n/(n−2), the only solutions
for which U is a polynomial being ϕ6 for n=3, ϕ4 for n=4 and ϕ3 for n=6.
• Spinor fields. The Lagrangian (179) yields a scale invariant action provided the
potential U is homogeneous of degree 2n/n−1, the only solutions for which U is
a polynomial being ηµν ψ¯γµψ ψ¯γνψ, (ψ¯ψ)
2 and (ψ¯γ5ψ)
2 in n=2 dimensions.
• Yukawa coupling. The only possible polynomial interaction terms between scalar
fields and spinor fields that give rise to a scale invariant contribution to the action
are trilinear couplings o the Yukawa type, such as in eqs (182) and (183), in n=4
dimensions.
• G-connections. The Yang-Mills Lagrangian (180) and Chern-Simons Lagrangian
(184) yield scale invariant actions in n=4 and n=3 dimensions, respectively.
These results are summarized in the column labelled “SI = GWI” of Table 3 below.
If on the other hand one looks at the energy-momentum tensors derived from the
Lagrangians (175)–(180) according to the prescription (5), it turns out that, even “on
shell” (i.e., when the equations of motion for the matter fields are taken into account),
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scale invariance of the action does not always force the energy-momentum tensor to be
traceless: discrepancies occur in the presence of scalar fields in n> 2 dimensions, the
simplest examples being the massless free field theory and, at the level of interacting
field theories, the massless ϕ4 theory in n=4 dimensions. This problem has been noted
long ago and a solution was proposed in the beginning of the 1970’s [3,4], based on a
further “ad hoc” improvement of the canonical energy-momentum tensor which goes
beyond the standard prescription of Belinfante and Rosenfeld but, as we have shown in
Sect. 2, can be understood in a similar spirit. It may thus seem as if the prescription (5)
for finding the energy-momentum tensor might still not be the correct one – a conclusion
that is hardly acceptable in view of the wealth of arguments presented in the previous
sections. So something else must have gone wrong.
To find the way out of this dilemma, it is necesary to extend the concept of
scale invariance and of the scaling dimension of fields to general space-time manifolds.
To begin with, it is clear that the definition of scale transformations given in eq. (278)
above makes sense in a vector space but not in a general manifold. Moreover, from
a geometric point of view by which we aim at freeing ourselves from the assump-
tion of a pre-existing linear structure, dilatations on a pseudo-Euclidean vector space
can and should be viewed as conformal isometries of a pseudo-Riemannian manifold
since they preserve the standard Minkowski metric up to a scale factor. Generically,
however, pseudo-Riemannian manifolds do not admit any conformal isometries at all.
This means that there is no way to define a scale transformation as being some kind
of diffeomorphism of space-time. Of course, the key to the solution of this problem
is well known: it consists in switching from the active to the passive point of view.
Scale transformations are not really active transformations that move points in space-
time but rather passive transformations that change the scale of the metric by which we
measure distances between points in space-time. To avoid confusion, we shall as usual
refer to scale transformations in this sense as Weyl rescalings. The connection between
the two points of view can then be established by requiring that in flat space-time, a
Weyl rescaling of the metric and a dilatation, by the same constant factor λ, should
lead to the same rescaling for the distance between points; this leads to the following
transformation law for the metric under Weyl rescalings:
gµν → λ2 gµν , gµν → λ−2 gµν . (280)
More generally, components of fields ϕ transform according to
ϕ → λ−wϕ ϕ (281)
where wϕ is a real number called theWeyl dimension of ϕ. Of course, such a transforma-
tion law makes sense for fields that are sections of some vector bundle over space-time,
whereas sections of nonlinear fiber bundles over space-time can only be supposed to
remain invariant under Weyl rescalings. In particular, eq. (280) states that the metric
tensor gµν and the inverse metric tensor g
µν have Weyl dimension−2 and 2, respectively.
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It is also clear from eq. (281) that if a field ϕ has Weyl dimension wϕ, then all its par-
tial derivatives ∂µϕ will have Weyl dimension wϕ as well: this means that the operator
∂µ itself must carry Weyl dimension 0. The same value must be attributed to gauge
fields (G-connections) in order to ensure that the covariant derivative Dµ becomes
homogeneous and carries the same Weyl dimension as the ordinary derivative ∂µ; note
that this is in agreement with eq. (280) which forces the Christoffel symbols for the
Levi-Civita connection to have Weyl dimension 0, and the same goes for the Riemann
curvature tensor and the Ricci tensor. Finally, the Weyl dimension of scalar fields and
spinor fields is found by inspection of the kinetic terms in the Lagrangians (175)–(179),
leading to the conclusion that for scalar fields and spinor fields, the Weyl dimension
equals the scaling dimension. The assignments thus obtained are summarized in the
column labelled “WD” of Table 2. Further inspection of the Lagrangians (175)–(184)
then reveals that the list of those that are invariant under Weyl rescalings is exactly
the same as the list of those that are invariant under dilatations; they can be read from
the column labelled “SI = GWI” of Table 3 below. Thus it seems as if the correct
generalization of the concept of scale invariance from flat to curved space-time is really
that of invariance under Weyl rescalings, and we shall adopt this point of view from
now on.
SD WD
Field type
(flat space-time) (curved space-time)
Scalar field 1
2
(n− 2) 1
2
(n− 2)
Sigma model
0 for n=2
undefined for n>2
0 for n=2
undefined for n>2
Dirac spinor field 1
2
(n− 1) 1
2
(n− 1)
Gauge field 1 0
Metric tensor
0
(g=η only)
gµν : −2
gµν : +2
Table 2: Scaling dimension (SD) and Weyl dimension (WD) for various types of fields
in n space-time dimensions
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There is however one aspect of this reinterpretation that has not been addressed so
far and that will turn out to be crucial: the possibility of distinguishing between global
and local Weyl invariance; by abuse of language, these are also often referred to as
global and local scale invariance, respectively. The former refers to global Weyl rescal-
ings, where the metric is rescaled by a positive numerical factor λ, whereas the latter
refers to local Weyl rescalings, where the metric is rescaled by a positive function λ.
In the discussion above, we have tacitly assumed the rescaling factor to be numerical,
which is sufficient for defining the concept of the Weyl dimension of a field, but after all,
nothing prevents us from allowing to rescale the metric by different factors at different
space-time points. Fields that transform according to eq. (281) even when λ is a posi-
tive function will in what follows be called Weyl covariant. With this terminology, it
is clear that, in general, partial derivatives of Weyl covariant fields are no longer Weyl
covariant and that this defect can only be cured by “gauging” the global symmetry
under Weyl rescalings so that it becomes local. As is well known, this requires intro-
ducing a corresponding new gauge field and replacing ordinary partial derivatives by
corresponding covariant derivatives, which we might call scaling covariant derivatives
in order to distinguish them from the gauge covariant derivatives (referring to internal
symmetries) and the space-time covariant derivatives considered before. Of course, this
is precisely Weyl’s original procedure that gave rise to gauge theories in the first place!
However, Weyl himself discarded this theory soon after, namely when, as a result of
discussions with Einstein, he realized that it did not describe electromagnetism, as he
had originally hoped. All that has remained of it is the word “gauge” (or “Eichung”, in
German), which in its original sense refers to the arbitrariness in the choice of units, in
this case for measuring distances in space-time (rods and clocks). For our present pur-
poses, we shall not need it either, since as we shall see below, there are many important
situations where invariance of the action under local Weyl rescalings can be established
without the need for introducing a new gauge field – for which no clear evidence in
nature has been found so far.
Before analyzing which of the globally Weyl invariant actions derived from the
Lagrangians listed in Sect. 3.6 are even locally Weyl invariant, we formulate the main
theorem of this section, which clearly shows the usefulness of this property.
Theorem 5.1 “On shell”, that is, assuming the matter fields to satisfy their equations
of motion, the matter field action is locally Weyl invariant if and only if the correspond-
ing energy-momentum tensor is traceless.
Proof: In completely general terms, the variation of the matter field action Sm,K over
any given compact subset K of M induced by an infinitesimal local Weyl rescaling,
parametrized by some given function ω on M , is given by
δωSm,K =
∫
K
dnx
√
| det g|
(
δLm
δgµν
δωgµν +
δLm
δϕi
δωϕ
i
)
.
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Now if we assume the matter fields ϕ to satisfy their equations of motion, the second
term drops out, so the only non-vanishing contribution comes from the induced variation
of the metric. Hence using the definition (5) of the energy-momentum tensor, together
with the formula for the induced variation of the metric,
δωgµν = 2ω gµν , δωg
µν = − 2ω gµν , (282)
which is just the infinitesimal form of eq. (280), derived by taking ω = lnλ, we obtain
δωSm,K = −
∫
K
dnx
√
| det g| gµν T µν ω ,
which implies the equivalence stated in the theorem since ω was an arbitrary function.

Remark: The simplest case is of course when the matter field Lagrangian Lm is locally
Weyl invariant, but the above proof shows that in order to guarantee tracelessness
of the energy-momentum tensor, much less is needed: under infinitesimal local Weyl
rescalings, Lm may be allowed to pick up a total divergence, as well as terms that vanish
upon insertion of the equations of motion for the matter fields.22
A simple example of a Lagrangian which is globally as well as locally Weyl invariant
is the Yang-Mills Lagrangian in n=4 dimensions. A less trivial example is the covariant
free Dirac Lagrangian (where the term “covariant” indicates that minimal coupling to
gravity and also to gauge fields is allowed): here, local Weyl invariance can be shown
to hold “on shell”. To do so, we need the transformation law of spinor fields and their
covariant derivatives under local Weyl rescalings. To derive these, note first that the
transformation law (280) for the metric can be supplemented by the following simple
transformation laws for orthonormal frames,
eaµ → λ eaµ , eµa → λ−1 eµa , (283)
which is obviously consistent with the orthonormality condition (247), and for the
coordinate frame Dirac γ-matrices,
γµ → λ γµ , γµ → λ−1 γµ , (284)
which is obviously consistent with the Clifford algebra relations (168). At the infinites-
imal level, we conclude that eq. (282) must be supplemented by
δωe
a
µ = ω e
a
µ , δωe
µ
a = −ω eµa , (285)
and
δωγµ = ω γµ , δωγ
µ = −ω γµ , (286)
22In the remainder of this section, we omit the index “m”, which stands for “matter fields”.
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respectively. In particular, it is worth noting that the frame variation generated by
an infinitesimal Weyl rescaling is of purely symmetric type, so that according to the
analysis carried out in Sect. 4.3, the induced variation of spinor fields (which we shall
refer to as the indirect contribution to their total variation) and the induced variation
of the orthonormal frame Dirac γ-matrices (cf. eqs (265) and (266)) vanish while the
induced variation of the coordinate frame Dirac γ-matrices (cf. eq. (267)) is precisely
the expression given above. Similarly, the induced variation of the spinor connection
coefficients is given by inserting eq. (286) into eq. (270), with the result ,
δωΓ
α
µβ =
1
16
(
gκµ ∂λω − gλµ ∂κω
)
[γκ, γλ]αβ . (287)
On the other hand, it must be emphasized that a Weyl rescaling is not merely a frame
transformation (i.e., an automorphism of the frame bundle): this becomes obvious when
one realizes that the scaling dimension of a field is not merely given by its tensor or
spinor degree. (For example, frame transformations act trivially on scalar fields while
Weyl rescalings act nontrivially, except when n = 2.) Accordingly, there is a further
direct contribution to the variation of spinor fields under infinitesimal Weyl rescalings
which is of course given by eq. (281) with the appropriate Weyl dimension for spinor
fields, which is 1
2
(n−1), so
ψα → λ−(n−1)/2 ψα , (288)
and hence, at the infinitesimal level, eq. (265) must be replaced by
δωψ
α = − 1
2
(n−1) ω ψα . (289)
Repeating the calculation leading to eq. (272), we thus get
δω
(∇µψα) = δω ∂µψα + δωΓαµβ ψβ + Γαµγ δωψγ
= ∂µ δωψ
α + δωΓ
α
µβ ψ
β + Γαµγ δωψ
γ
= − 1
2
(n−1)∇µ (ω ψα) + δωΓαµβ ψβ ,
that is,
δω
(∇µψα) = − 12 (n−1) ω ∇µψα − 12 (n−1) ∂µω ψα + δωΓαµβ ψβ . (290)
Therefore, the variation of the free Dirac Lagrangian becomes
δω
(
ψ¯
↔
6∇χ
)
= δω
(
ψ¯ γµ∇µχ
)− δω (∇µψ γµ χ)
= + δωψ γ
µ∇µχ + ψ¯ δωγµ∇µχ + ψ¯ γµ δω
(∇µχ)
− δω
(∇µψ) γµ χ − ∇µψ δωγµ χ − ∇µψ γµ δωχ
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= − 1
2
(n−1) ω ψ¯ γµ∇µχ − ω ψ¯ γµ∇µχ
− 1
2
(n−1) ω ψ¯ γµ∇µχ − 12 (n−1) ∂µω ψ¯ γµ χ + ψ¯ γµ δωΓµ χ
+ 1
2
(n−1) ω ∇µψ γµ χ + 12 (n−1) ∂µω ψ¯ γµ χ + ψ¯ δωΓµ γµ χ
+ ω ∇µψ γµ χ + 12 (n−1) ω ψ¯ γµ∇µχ − ω ∇µψ γµ χ
= − n ω ψ¯
↔
6∇χ
+ 1
16
(
gκµ ∂λω − gλµ ∂κω
)
ψ¯
(
γµ [γκ, γλ] + [γκ, γλ] γµ
)
χ ,
where we note that two terms containing partial derivatives of ω have cancelled and
that the last term vanishes for symmetry reasons, as before. Thus as long as the
covariant free Dirac Lagrangian is the only part of the total Lagrangian containing
spinor fields, the corresponding equation of motion will be the covariant free Dirac
equation, and whenever this is satisfied, the variation that we have just computed will
vanish. Briefly, we may express this by saying that the variation of the covariant free
Dirac Lagrangian under infinitesimal local scale transformations is proportional to the
covariant free Dirac Lagrangian itself, and this vanishes “on shell”.
Turning to scalar fields, it becomes clear from the above theorem that the source
of the problem with the non-vanishing trace of the energy-momentum tensor in scale
invariant field theories containing scalar fields lies in the fact that the corresponding
action is globally but not locally Weyl invariant. No such problem arises in two space-
time dimensions since, for n=2, scalar fields have Weyl dimension 0, which means that
they are manifestly invariant under Weyl rescalings, global as well as local ones. Thus
in this case, both types of Weyl invariance hinge on the same single hypothesis, namely
vanishing of the potential U , and correspondingly, direct inspection shows that the
energy-momentum tensors given in the first four entries of Table 1 are all traceless when
the potential term is absent. But for n>2 and a potential U which is homogeneous of
degree 2n/(n−2), the Lagrangians (175) and (176) yield globally Weyl invariant actions
which are not locally Weyl invariant: variation of the kinetic term in the Lagrangian
under an infinitesimal local Weyl rescaling produces an additive contribution depending
on the derivatives of the rescaling factor, and this lack of invariance reflects itself in a
non-vanishing trace of the corresponding energy-momentum tensor.
As mentioned before, it has been observed long ago in the literature [3,4] that
this problem can be overcome by a further “improvement” of the energy-momentum
tensor, which also turns out to improve its behavior under renormalization. In the same
context, it has also been observed that the necessary correction can be traced back to
a modification of the pertinent Lagrangian, which amounts to adding a term of the
form Rϕ2. This means, of course, that the term “improvement” is not really adequate
to describe the procedure since, after all, the definition of the energy-momentum tensor
as the variational derivative of the Lagrangian with respect to the metric remains
unaltered. Instead, what has been abandoned is the prescription of minimal coupling
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to gravity, by allowing for the possibility of introducing an additional contribution to
the Lagrangian that vanishes in the flat space-time limit. But why exactly this term?
What seems to be missing is to establish a motivation for the choice made, and this
motivation can only come from studying the relation with Weyl invariance in more
detail.
In order to gain further insight into the problem and its solution, let us concentrate
on the simplest situation – that of a single real scalar field, with Lagrangian (237),
equation of motion (240) and energy-momentum tensor given by eqs (243)-(245). The
specific dependence of this Lagrangian on the Riemann curvature tensor (a function of
the matter field multiplied by the Ricci scalar curvature) is dictated by the fact that
this seems to be the only way to guarantee that the equations of motion for the metric
can still be written in the form of Einstein’s equations. Concerning the dependence
on the matter field, we have already seen that global Weyl invariance requires the
potential U to be homogeneous of degree 2n/(n− 2); similarly, it forces the function f
to be homogeneous of degree 2. Therefore, we put
L = 1
2
(∂ϕ)2 − aϕ2n/(n−2) + bRϕ2 , (291)
with coefficients a and b that remain to be determined. The corresponding equation of
motion reads
ϕ + 2n a
n−2 ϕ
(n+2)/(n−2) − 2 bRϕ = 0 . (292)
Next, we calculate the trace of the corresponding energy-momentum tensor:
gµνTµν = − 12 (n−2) (∂ϕ)2 + n aϕ2n/(n−2) + 2 (n−1) b ϕ2 − (n−2) bRϕ2 .
Inserting eq. (292), multiplied by 1
2
(n− 2)ϕ, this reduces to
gµνTµν = − 12 (n−2) (∂ϕ)2 − 12 (n−2)ϕϕ + 2 (n−1) b ϕ2 ,
which vanishes if and only if we choose
b =
1
8
n−2
n−1 ,
whereas a remains undetermined. Similarly, we can check directly that, with this choice,
the resulting Lagrangian
L =
1
2
(∂ϕ)2 − aϕ2n/(n−2) + n−2
8 (n−1) Rϕ
2 (293)
is locally Weyl invariant; more precisely, this property holds for the Lagrangian
L = − 1
2
ϕϕ − aϕ2n/(n−2) + n−2
8 (n−1) Rϕ
2 (294)
84
which differs from the previous one by a covariant total divergence (of the form
1
2
gµν ∇µ(ϕ∂νϕ), to be precise) and hence has the same equations of motion and the
same energy-momentum tensor. To show this, we need the transformation law of the
Ricci scalar curvature and of the covariant wave operator under local Weyl rescalings.
Setting ω = lnλ, note first that the Christoffel symbols for the Levi-Civita connection
are globally Weyl invariant but pick up an additive term under local Weyl rescalings:
Γκµν → Γκµν +
(
δκν ∂µω + δ
κ
µ ∂νω − gµν gκλ ∂λω
)
(295)
The same then goes for the Riemann curvature tensor: after some calculation, we get
R κλµν → R κλµν −
(
δκµ∇ν∂λω − δκν ∇µ∂λω
)
+
(
gλµ g
κρ∇ν∂ρω − gλν gκρ∇µ∂ρω
)
+
(
δκµ ∂νω ∂λω − δκν ∂µω ∂λω
)
− (gλµ gκρ ∂νω ∂ρω − gλν gκρ ∂µω ∂ρω)
− (δκµ gνλ − δκν gµλ) (∂ω)2 .
(296)
Hence for the Ricci tensor,
Rµν → Rµν − (n−2)∇ν∂µω − gµν ω
+ (n−2) ∂νω ∂µω − (n−2) gµν (∂ω)2 ,
(297)
while the Ricci scalar curvature, which has Weyl dimension −2, transforms according
to
R → exp(−2ω)
(
R − 2 (n−1) ω − (n−1)(n−2) (∂ ω)2
)
. (298)
On the other hand, the transformation law (281), with the value wϕ =
1
2
(n−2) already
substituted, gives
∂µϕ → exp(− 12 (n−2)ω)
(
∂µϕ − 12 (n−2) ∂µω ϕ
)
,
and after iteration
∂µ∂νϕ → exp(− 12 (n−2)ω)
(
∂µ∂νϕ − 12 (n−2) ∂µ∂νω ϕ − 12 (n−2) ∂νω ∂µϕ
− 1
2
(n−2) ∂µω ∂νϕ + 14 (n−2)2 ∂µω ∂νω ϕ
)
.
Thus
gµν ∂µ∂νϕ → exp(− 12 (n+2)ω)
(
gµν ∂µ∂νϕ − 12 (n−2) gµν ∂µ∂νω ϕ
− (n−2) gµν ∂µω ∂νϕ + 14 (n−2)2 (∂ω)2 ϕ
)
,
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whereas
gµν Γκµν ∂κϕ → exp(− 12 (n+2)ω)
(
gµν Γκµν − (n−2) gκλ ∂λω
)
×
(
∂κϕ − 12 (n−2) ∂κω ϕ
)
.
Taking the difference gives
ϕ → exp(− 1
2
(n+2)ω)
(
ϕ − 1
2
(n−2)ω ϕ− 1
4
(n−2)2 (∂ω)2 ϕ
)
. (299)
Together, eqs (298) and (299) show that
 − n−2
4 (n−1) R (300)
is the (locally) scale covariant wave operator, and inserting this result into eq. (294),
we immediately obtain
L → exp(−ω)L (301)
Note that the resulting local Weyl invariance of the action is valid even “off shell”:
at no point of the proof of the transformation law (301) did we use the equations of
motion for ϕ. In fact, there is a very simple reason for this invariance, which comes to
light if we use the scalar field ϕ and the metric tensor g to define a new metric tensor
gˆ which is manifestly Weyl invariant by its mere definition:
gˆµν = ϕ
4/(n−2) gµν . (302)
Then the Lagrangian (291) is, up to a constant multiple, nothing but the Einstein-
Hilbert Lagrangian for gˆ, with the potential term corresponding to the cosmological
constant! Indeed, applying eq. (298) with λ = ϕ2/(n−2), we get√
| det gˆ|
(
Rˆ + 2Λ
)
= λn
√
| det g|
(
λ−2
(
R − 2 (n−1)  lnλ − (n−1)(n−2) (∂ lnλ)2
)
+ 2Λ
)
=
√
| det g|
(
ϕ2
(
R − 4 (n−1)
n−2  lnϕ −
4 (n−1)
n−2 (∂ lnϕ)
2
)
+ 2Λϕ2n/(n−2)
)
=
√
| det g|
(
ϕ2
(
R − 4 (n−1)
n−2
(
gµν ∇µ
(
ϕ−1 ∂νϕ
)
+ ϕ−2 (∂ϕ)2
))
+ 2Λϕ2n/(n−2)
)
Thus expressing the constant a in eqs (291)-(294) in terms of the cosmological con-
stant Λ, the Lagrangians (293) and (294) assume the form
L = 1
2
(∂ϕ)2 +
n−2
4 (n−1) Λϕ
2n/(n−2) +
n−2
8 (n−1) Rϕ
2 (303)
and
L = − 1
2
ϕϕ + n−2
4 (n−1) Λϕ
2n/(n−2) +
n−2
8 (n−1) Rϕ
2 (304)
86
respectively, with corresponding energy-momentum tensor
Tµν = ∂µϕ ∂νϕ − 12 gµν (∂ϕ)2 −
n−2
4 (n−1) Λ gµν ϕ
2n/(n−2)
+
n−2
4 (n−1)
(
gµν  − ∇µ∇ν
)
ϕ2 +
n−2
4 (n−1)
(
Rµν − 12 gµνR
)
ϕ2
(305)
which in flat space-time coincides with the result derived in Sect. 2, eq. (54).
In n=4 space-time dimensions, the construction can be extended to include a Dirac
spinor field with a Yukawa coupling to the scalar field. In this case, the Lagrangian
reads
L = 1
2
(∂ϕ)2 + i
2
ψ¯
←→∇/ψ + 1
6
Λϕ4 + 1
12
Rϕ2 − λY ϕψ¯ψ , (306)
or equivalently
L = − 1
2
ϕϕ + i
2
ψ¯
←→∇/ψ + 1
6
Λϕ4 + 1
12
Rϕ2 − λY ϕψ¯ψ , (307)
The corresponding equations of motion read
ϕ − 2
3
Λϕ3 − 1
6
Rϕ + λY ψ¯ψ = 0 , (308)
i∇/ψ − λY ϕψ = 0 , (309)
while the energy-momentum tensor is
Tµν = ∂µϕ ∂νϕ +
i
4
(
ψ¯ γµ
←→∇ν ψ + ψ¯ γν
←→∇µ ψ
)
− 1
2
gµν (∂ϕ)
2 − i
2
gµν ψ¯
←→∇/ψ − 1
6
Λ gµν ϕ
4 + λY gµνϕψ¯ψ
+ 1
6
(
gµν  − ∇µ∇ν
)
ϕ2 + 1
6
(
Rµν − 12 gµνR
)
ϕ2
(310)
Its trace
gµνTµν = − (∂ϕ)2 − 3 i2 ψ¯
←→∇/ψ − 2
3
Λϕ4 + 4λY ϕψ¯ψ +
1
2
ϕ2 − 1
6
Rϕ2
vanishes “on shell”, as can be seen by multiplying the equation of motion (308) for ϕ
by ϕ and the equation of motion (309) for ψ by 3
2
ψ¯ and adding. Similarly, we can check
directly that the Lagrangian (306) or rather (307) is locally Weyl invariant “on shell”
by combining our previous analysis of local Weyl invariance for the covariant free Dirac
Lagrangian with that for the scalar field, the only modification being that it is now
the sum of the covariant free Dirac Lagrangian and the Yukawa term that vanishes “on
shell”.
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Field type and Lagrangian SI = GWI LWI
Scalar field
(cf. eqs (175) and (176))
U = 0 for n=2
deg(U) = 6 for n=3
deg(U) = 4 for n=4
deg(U) = 3 for n=6

U = 0 for other values of n
yes
no
no
Sigma model
(cf. eqs (177) and (178))
U = 0
(n=2 only) yes
Dirac spinor field
(cf. eq. (179))
deg(U) = 4 for n=2
U = 0 for n>2
yes (on shell)
Gauge field
Yang-Mills Lagrangian (180)
n=4 yes
Metric tensor
Einstein-Hilbert Lagrangian (181) n=2 no
Scalar + Dirac spinor field
with Yukawa coupling (cf. eq. (182))
n=4,
deg(Uscalar) = 4 , Uspinor = 0
no
Gauge field
Chern-Simons Lagrangian (184)
n=3 yes
Modified scalar field
with an additional Rϕ2 term
(cf. eqs (303) or (304))
(n>2 only)

deg(U) = 6 for n=3
deg(U) = 4 for n=4
deg(U) = 3 for n=6

U = 0 for other values of n
yes
yes
Modified scalar + Dirac spinor field
with Yukawa coupling (cf. eq. (182))
and an additional Rϕ2 term
(cf. eqs (303) or (304))
n=4,
deg(Uscalar) = 4 , Uspinor = 0
yes (on shell)
Table 3: Conditions for scale invariance (SI) or global Weyl invariance (GWI)
and additional conditions for local Weyl invariance (LWI) of standard Lagrangians
with homogeneous self-interaction potential U in n space-time dimensions
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The procedure of extending a given globally Weyl invariant Lagrangian to a locally
Weyl invariant one by adding an appropriate Rϕ2 term can easily be made to work
for multicomponent scalar fields as well: all we need to do is replace the square of the
field by the square of its modulus, defined in terms of the given fiber metric. The same
goes, in n = 4 dimensions, for multicomponent scalar fields with Yukawa couplings
to multicomponent spinor fields. This fact is of considerable physical interest since
it applies directly to the standard model of particle physics. Indeed, what has been
shown here is that and in what sense the scaling limit of the standard model (obtained
simply by neglecting all explicit mass terms, such as bare quark and lepton masses) is a
conformal field theory: what is required to achieve this is the inclusion of an appropriate
R|ϕ|2 term in the standard model Lagrangian, where ϕ is the Higgs field.
Another interesting feature of Weyl invariance is that there is a simple way to
construct lots of locally Weyl invariant Lagrangians, namely by inverting the philosophy
underlying the transition made in eq. (302), as follows. Consider any Lagrangian field
theory containing, apart from a bunch of matter fields ϕˆi, a metric tensor gˆ, all of which
are defined to be invariant under local Weyl rescalings. Now introduce a new Weyl
covariant scalar field φ of Weyl dimension 1
2
(n−2), together with new Weyl covariant
matter fields ϕi of Weyl dimension wi (where wi = 0 for components of nonlinear matter
fields of sigma model type) and a new metric tensor g with standard Weyl dimension
(−2 for gµν , +2 for gµν), defined by making the substitutions
gˆµν = φ
4/(n−2) gµν , gˆµν = φ−4/(n−2) gµν ,
ϕˆi = φ−2wi/(n−2) ϕi ,
(311)
together with the corresponding substitutions in the partial derivatives of these fields
(including the Christoffel symbols that appear in the space-time covariant derivatives
and in the components of the Riemann curvature tensor). Then it is obvious that the
Lagrangian in the new fields ϕi, g and φ obtained from the original Lagrangian in the
old fields ϕˆi and gˆ by this substitution is invariant under local Weyl rescalings
gµν → λ2 gµν , gµν → λ−2 gµν ,
ϕi → λ−wi ϕi , φ → λ−(n−2)/2 φ .
(312)
Of course, the dilaton field φ thus introduced may be a new, additional field, but when
the original Lagrangian already contains scalar fields, it may equally well be possible
to identify it with one of these. Also, nothing guarantees “a priori” that the new
Lagrangian contains derivatives of φ; if not, the dilaton field will be a non-dynamical
Lagrange multiplier.
We conclude our considerations with a few remarks on topological field theories.
As mentioned at the beginning of this section, such theories can be defined to be
field theories with vanishing energy-momentum tensor. But the latter represents the
functional derivative of the matter field action with respect to the metric, so topological
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field theories are simply field theories whose formulation does not depend at all on
the choice of a metric tensor on space-time. A notable example are gauge theories
in n = 3 dimensions whose action is given by the Chern-Simons Lagrangian (184).
Other examples can be obtained by starting out from a Lagrangian that does contain a
metric tensor g and eliminating it by “going to the stationary point”. More specifically,
this procedure works for Lagrangians depending on a metric tensor g but not on its
derivatives (that is, on the Christoffel symbols or the Riemann curvature tensor), so
that the metric tensor is a Lagrange multiplier field with purely algebraic equations
of motion that can be used to eliminate it, expressing it in terms of the other fields.
As an example, consider the modified sigma model with fields that are maps from
n-dimensional space-time M to some target space Q but with modified action
SMSMK =
∫
K
dnx
√
| det g| Ln/2OSM , (313)
where LOSM is the standard Lagrangian (178) for the ordinary sigma model and the
extra power n
2
is fixed by requiring that the corresponding action should be (globally
as well as locally) Weyl invariant, despite the fact that, of course, the Weyl dimension
of the sigma type field ϕ vanishes, independently of the value of n. This homogeneity
of degree 0 is needed to guarantee the existence of non-trivial stationary points for g.
Indeed, using eq. (236) to calculate the energy-momentum tensor corresponding to the
action (313), we get
TMSMµν =
n
2
L
(n−2)/2
OSM hij(ϕ) ∂µϕ
i ∂νϕ
j − gµν Ln/2OSM , (314)
which is easily verified to be traceless. Now the equations of motion for g derived from
the variational principle for the action (313) just state that this expression vanishes, or
equivalently, that g is proportional to the pull back ϕ∗h of the metric h on the target
space Q to space-time M by the map ϕ:
g =
n
2LOSM
ϕ∗h . (315)
Inserting this condition back into eq. (313), we obtain, up to an irrelevant numerical fac-
tor, the action for the theory of n-branes in Q, which simply measures the n-dimensional
volume of the image of any compact subset K of M in Q under ϕ with respect to h:
SNBRK =
∫
K
dnx
√
| detϕ∗h| . (316)
Of course, the interpretation of this action in string theory (n=1) and and membrane
theory (n>1) differs from that in field theory: now Q is viewed as space-time, serving
as a background for the motion of the string or membrane, whileM is just a parameter
space, so the fact that this action corresponds to a topological field theory just translates
into the postulate of reparametrization invariance of the string or membrane action.
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